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Abstract. We prove that every asymptotic cone of a mapping class group has 
a bi-Lipschitz equi variant embedding into a product of real trees, with image a 
median subspace. We deduce several applications of this, one of which is that 
a group with Kazhdan's property (T) can only have finitely many pairwise 
non-conjugate homomorphisms into a mapping class group. 
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1. Introduction 

Mapping class groups of surfaces (denoted in this paper by AiCG(S), where S 
always denotes a compact connected orientable surface) are very interesting geo- 
metric objects, whose geometry is not yet completely understood. Aspects of their 
geometry are especially striking when compared with lattices in semi-simple Lie 
groups. Mapping class groups are known to share some properties with lattices in 
rank 1 and some others with lattices in higher rank semi-simple Lie groups. For 
instance the intersection pattern of quasi-fiats in M.CQ(S) is reminiscent of inter- 
section patterns of quasi-flats in uniform lattices of higher rank semi-simple groups 
[BKMM08] . On the other hand, the pseudo-Anosov elements in AiCQ(S) are 'rank 
1 elements', i.e. the cyclic subgroups generated by them are quasi-gcodesics satis- 
fying the Morse property ( jFLMOlj . |Beh04j . pvfe] ). 

Non-uniform lattices in rank one semi-simple groups are (strongly) relatively 
hyperbolic |Far98| . As mapping class groups act by isometries on their complex 
of curves, and the latter are hyperbolic jMM99| . mapping class groups are weakly 
relatively hyperbolic with respect to finitely many stabilizers of multicurves. On the 
other hand, mapping class groups are not strongly relatively hyperbolic with respect 
to any collection of subgroups ([AAS07 , [BDMJ, they arc not even metrically 
relatively hyperbolic with respect to any collection of subsets |BDMj . Still, AiCQ(S) 
share further properties with relatively hyperbolic groups. A subgroup of AiCQ(S) 
either contains a pseudo-Anosov element or it is parabolic, that is it stabilizes a 
(multi-)curve in S [Iva92] . A similar property is one of the main 'rank 1' properties 
of relatively hyperbolic groups |DS05j . 

Another form of rank 1 phenomenon, which is also a weaker version of relative 
hyperbolicity, is existence of cut-points in the asymptotic cones. In an asymptotic 
cone of a relatively hyperbolic group every point is a cut-point. In general, a set of 
cut-points C in a geodesic metric space determines a tree-graded structure on that 
space |DS05| Lemma 2.30], that is it determines a collection of proper geodesic 
sub-spaces, called pieces, such that every two pieces intersect in at most one point 
(contained in C) and every simple loop is contained in one piece. One can consider 
as pieces maximal path connected subsets with no cut-points in C, and singletons. 
When taking the quotient of a tree-graded space F with respect to the closure of the 
equivalence relation 'two points are in the same piece' (this corresponds, roughly, 
to shrinking all pieces to points) one obtains a real tree Tp |DS07| Section 2.3]. 

It was proved in |Beh06j that in the asymptotic cones of mapping class groups 
every point is a cut-point, consequently such asymptotic cones are tree-graded. 
The pieces of the corresponding tree-graded structure, that is the maximal path 
connected subsets with no cut-points, are described in [BKMM08] (see Theorem l4.2l 
in this paper). Further information about the pieces is contained in Proposition l5.5l 
The canonical projection of an asymptotic cone AM(S) of a mapping class group 
onto the corresponding asymptotic cone AC(S) of the complex of curves (which 
is a real tree, since the complex of curves is hyperbolic) is a composition of the 
projection of AAi(S) seen as a tree-graded space onto the quotient tree described 
above, which we denote by Tg, and a projection of T$ onto AC(S). The second 
projection has large pre-images of singletons, and is therefore very far from being 
injective (see Remark |4. 3[) . 

Asymptotic cones were used to prove quasi-isometric rigidity of lattices in higher 
rank semi-s imple Lie groups ( |KL97j . jDruOOj : see [EF97] . |Sch96j . |Esk98j for proofs 
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without the use of asymptotic cones) and of relatively hyperbolic groups ( |DS05j . 
jDruj ) . Unsurprisingly therefore asymptotic cones of mapping class groups play a 
central part in the proof of the quasi-isometric rigidity of mapping class groups 
( BKMM08 , Ham05] ) , as well as in the proof of the Brock- Farb rank conjecture 
that the rank of every quasi-flat in A4CQ(S) does not exceed = 3g + p — 3, 
where g is the genus of the surface S and p is the number of punctures ( |BM08j , 
jHam05j ). Many useful results about the structure of asymptotic cones of mapping 
class groups can be found in |BKMM081 IHam051 IBM08] . 

In this paper, we continue the study of asymptotic cones of mapping class groups, 
and show that the natural metric on every asymptotic cone of MCQ(S) can be 
deformed in an equivariant and bi-Lipschitz way, so that the new metric space is 
inside an £i-product of R-trees and is a median space. To this end, the projection 
of the mapping class group onto mapping class groups of subsurfaces (see Section 
12.5. 1|) is used to define the projection of an asymptotic cone AAi(S) onto limits 
A4(\J) of sequences of mapping class groups of subsurfaces U = (U n ). A limit 
A4(U) is isometric to an asymptotic cone of AiCQ(Y) with Y a fixed subsurface, 
the latter is a tree-graded space, hence Ai(U) has a projection onto a real tree Tjj 
obtained by shrinking pieces to points as described previously. These projections 
allow us to construct an embedding of AM (S) into an £i-product of R-trees. 

Theorem 1.1 (Theorem HH Theorem HSU) . The map ip: AM(S) -> flu T u 
whose components are the canonical projections of AM(S) ontoTu is a bi-Lipschitz 
map, when Y[u Tu is endowed with the i 1 -metric. Its image ip(AM(S)) is a median 
space. Moreover ip maps limits of hierarchy paths onto geodesies in [jjjTu. 

The bi-Lipschitz equivalence between the limit metric on AJA(S) and the pull- 
back of the ^-metric on Yiu Tu yields a distance formula in the asymptotic cone 
AM(S), similar to the Masur-Minsky distance formula for the marking complex 
[MMOOj . 

The embedding ijj allows us to give in Section 14.21 an alternative proof of the 
Brock- Farb conjecture, which essentially follows the ideas outlined in |Beh04| . We 
prove that the covering dimension of any locally compact subset of any asymptotic 
cone AM(S) does not exceed £(S) (Theorem 14. 24[) . This is done by showing that 
for every compact subset K of AM(S) and every e > there exists an e-map 
f : K — > X (i.e. a continuous map with diameter of f (x) at most e for every 
x € X) from K to a product of finitely many R-trees X such that f(K) is of 
dimension at most £(<S). This, by a standard statement from dimension theory, 
implies that the dimension of AM(S) is at most £(S). 

One of the typical 'rank 1' properties of groups is the following result essentially 
due to Bestvina |Bes88] and Paulin |Pau88j : if a group A has infinitely many 
injective homomorphisms <fii,<p2,... into a hyperbolic group G which are pairwise 
non-conjugate in G, then A splits over a virtually abclian subgroup. The reason for 
this is that A acts without global fixed point on an asymptotic cone of G (which is 
an R-tree) by the natural action: 

(1) a ■ (xi) = (4>i{a)xi). 

Similar statements hold for relatively hyperbolic groups (see |OP98j , |DP03] , |Gro04a| , 
jGro04bj . |Gro05j . [DS07] . [BS08]). 

It is easy to see that this statement does not hold for mapping class groups. 
Indeed, consider the right angled Artin group B corresponding to a finite graph T 
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(B is generated by the set X of vertices of T subject to commutativity relations: 
two generators commute if and only if the corresponding vertices are adjacent in 
r). There clearly exists a surface S and a collection of curves X$ in one-to-one 
correspondence with X such that two curves a, /3 from X$ are disjoint if and only 
if the corresponding vertices in X are adjacent. Let d a , a £ X, be the Dehn twist 
corresponding to the curve a. Then every map X — > M.CQ{S) such that a i— > d^" f or 
some integer k a extends to a homomorphism B — > AiCQ{S). For different choices of 
the k a one obtains homomorphisms that are pairwise non-conjugate in MCQ(S). 
This set of homomorphisms can be further increased by changing the collection 
of curves X$ (while preserving the intersection patterns), or by considering more 
complex subsurfaces of S than just simple closed curves (equivalently, annuli around 
those curves), and replacing Dehn twists with pseudo-Anosovs on those subsurfaces. 
Thus B has many pairwise non-conjugate homomorphisms into MCQ{S). But 
the group B does not necessarily split over any "nice" (e.g. abclian, small, etc.) 
subgroup. 

Nevertheless, if a group A has infinitely many pairwise non-conjugate homomor- 
phisms into a mapping class group AiCG(S), then it acts as in (TTJ) without global 
fixed point on an asymptotic cone AAi(S) of ftACQ(S). Since AAi(S) is a tree- 
graded space, we apply the theory of actions of groups on tree-graded spaces from 
|DS07j . We prove (Corollarv l5.16p that in this case either A is virtually abelian, or 
it splits over a virtually abelian subgroup, or the action (TTJ fixes a piece of AA4(S) 
set- wise. 

We also prove, in Section [6j that the action (TTJ) of A has unbounded orbits, via 
an inductive argument on the complexity of the surface S. The main ingredient is a 
careful analysis of the sets of fixed points of pure elements in A, comprising a proof 
of the fact that a pure clement in A with bounded orbits has fixed points (Lemmas 
I6.15l and l6.17j) . a complete description of the sets of fixed points of pure elements in 
A (Lemmas 16.161 and 16. 18|) , and an argument showing that distinct pure elements 
in A with no common fixed point generate a group with infinite orbits (Lcmma l6.23l 
and Proposition 16. 8[) . The last argument follows the same outline as the similar 
result holding for isometrics of an R-tree, although it is much more complex. 

The above and the fact that a group with property (T) cannot act on a median 
space with unbounded orbits (see Section [6] for references) allow us to apply our 
results in the case when A has property (T). 

Theorem 1.2 (Corollary |6.3[) . A finitely generated group with property (T) has at 
most finitely many pairwise non-conjugate homomorphisms into a mapping class 
group. 

D. Groves announced the same result (personal communication). 

A result similar to Theorem 11.21 is that given a one-ended group A, there are 
finitely many pairwise non-conjugate injective homomorphisms A — > MCQ{S) such 
that every non-trivial element in A has a pseudo-Anosov image ( |Bow07aj . |DF07j . 
|Bow07bj ). Both this result and Theorem 11.21 should be seen as evidence that there 
are few subgroups (if any) with these properties in the mapping class group of a 
surface. We recall that the mapping class group itself does not have property (T) 
|And07j . 

Via Theorem 1 1.2[ an affirmative answer to the following natural question would 
yield a new proof of Andersen's result that MCQ{S) does not have property (T): 
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Question 1.3. Given a surface S, does there exists a surface S' and an infinite 
set of pairwise nonconjugate homomorphisms from AACQ(S) into MCQ(S')? 

See |ALS08] for some interesting constructions of nontrivial homomorphisms 
from the mapping class group of one surface into the mapping class group of an- 
other, but note that their constructions only yield finitely many conjugacy classes 
of homomorphisms for fixed S and S' . 

Organization of the paper. In Section [5] we recall results on asymptotic cones, 
complexes of curves, and mapping class groups, while in Section [3] we recall prop- 
erties of tree-graded metric spaces and prove new results on groups of isometries 
of such spaces. In Section 2] we prove Theorem 1 and we give a new proof that 
the dimension of any locally compact subset of any asymptotic cone of MCQ(S) 
is at most £,(S). This provides a new proof of the Brock- Farb conjecture. In 
Section [5] we describe further the asymptotic cones of M.CQ(S) and deduce that 
for groups not virtually abelian nor splitting over a virtually abelian subgroup se- 
quences of pairwise non-conjugate homomorphism into MCQ(S) induce an action 
on the asymptotic cone fixing a piece (Corollary I5.16[) . In Section [6] we study in 
more detail actions on asymptotic cones of AiCG(S) induced by sequences of pair- 
wise non-conjugate homomorphisms, focusing on the relationship between bounded 
orbits and existence either of fixed points or of fixed multicurves. We prove that 
if a group G is not virtually cyclic and has infinitely many pairwise non-conjugate 
homomorphisms into MCG(S), then G acts on the asymptotic cone of AiCQ(S) 
viewed as a median space with unbounded orbits. This allows us to prove Theorem 

Acknowledgement. We are grateful to Yair Minsky and Lee Mosher for helpful 
conversations. We also thank the referee for a very careful reading and many useful 
comments. 

2. Background 

2.1. Asymptotic cones. A non-principal ultrafilter ui over a countable set / is a 
finitely additive measure on the class V{I) of subsets of /, such that each subset 
has measure either or 1 and all finite sets have measure 0. Since we only use 
non-principal ultrafilters, the word non-principal will be omitted in what follows. 

If a statement S(i) is satisfied for all i in a set J with ui{J) = 1, then we say 
that S(i) holds ui~a.s. 

Given a sequence of sets (X n ) n ^i and an ultrafilter ui, the ultraproduct corre- 
sponding to w, TLX n /uj, consists of equivalence classes of sequences (x„)„ 6 /, with 
x n £ X n , where two sequences (x n ) and (y n ) are identified if x n = y n ui-a.s. The 
equivalence class of a sequence x = (x n ) in IiX n /ui is denoted either by x u or by 
(x„) w . In particular, if all X n arc equal to the same X, the ultraproduct is called 
the ultrapower of X and it is denoted by ILX/w. 

If G n , n > 1, are groups then HG n /u> is again a group with the multiplication 

law {x n y{ Vn y = {x n y n y. 

If 5ft is a relation on X, then one can define a relation SK^ on TLX/ui by setting 
(x ra ) w 5ft tl j(y rl ) a; if and only if x n 5ft y n cj-almost surely. 

Lemma 2.1 ( [BuSaj . Lemma 6.5). Let oj be an ultrafilter over I and let (X n ) ne j be 
a sequence of sets which w-a.s. have cardinality at most N . Then the ultraproduct 
HXi/u! has cardinality at most N. 
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For every sequence of points (x n )nei hi a topological space X, its u>-limit, de- 
noted by lim^ x n , is a point x in X such that every neighborhood U of x contains 
x n for w-almost every n. If a metric space X is Hausdorff and (x n ) is a sequence 
in X , then when the w limit of (x n ) exists, it is unique. In a compact metric space 
every sequence has an w-limit |Bou65[ § 1.9.1]. 

Definition 2.2 (ultraproduct of metric spaces). Let (X„,dist n ), n € /, be a se- 
quence of metric spaces and let w be an ultrafilter over /. Consider the ultraproduct 
ILY„/w. For every two points x" = (xn)" , y u = in HX n /u let 

D{x u ,y UJ ) = lim a) dist n (a;„, y n ) . 

The function D : ILX n /oJ x IiX n /<*> — > [0, oo] is a pseudometric, that is, it satisfies 
all the properties of a metric except it can take infinite values and need not satisfy 
D(x u ,y u ) = =>■ x u = y u . We may make the function D take only finite values by 
restricting it to a subset of the ultrapower in the following way. 

Consider an observation point e = (e n ) w in ILX n /u> and define IL e X n /u) to be 
the subset of HX n /uj consisting of elements which are finite distance from e with 
respect to D. Note that transitivity of D implies that the distance is finite between 
any pair of points in H e X n /uj. 

Note that if X is a group G endowed with a word metric then UiG/lj is a 
subgroup of the ultrapower of G. 

Definition 2.3 (ultralimit of metric spaces). The uj -limit of the metric spaces 
(X„,dist n ) relative to the observation point e is the metric space obtained from 
H e X n /u> by identifying all pairs of points x",y w with D(x u ,y u ) = 0; this space is 
denoted Iim w (X„,e). When there is no need to specify the ultrafilter u> then we 
also call lim ti; (J 5 r ra ,e) ultralimit of (X„ , dist„ ) relative to e. 

The equivalence class of a sequence x = (x n ) in lim aj (X„, e) is denoted either by 
lim w x n or by x. 

Note that if e, e' <G HX n /Lu and D(e, e') < oo then lim w (X„, e) = \im UJ (X n , e'). 

Definition 2.4. For a sequence A = (A n ) ne j of subsets A n C X n , we write A or 
lim w A n to denote the subset of lim u (X n , e) consisting of all the elements lim^ x n 
such that lim^ x n € A n . 

Notice that if lim w dist n (e n , A n ) — oo then the set lim^ (A n ) is empty. 

Any ultralimit of metric spaces is a complete metric space jdDW84| . The 
same proof gives that A = lim w (A n ) is always a closed subset of the ultralimit 
lim w (X„,e). 

Definition 2.5 (asymptotic cone). Let (X, dist) be a metric space, w be an ul- 
trafilter over a countable set I, e = (e n ) u be an observation point. Consider a 
sequence of numbers d = (d n )n£i called scaling constants satisfying lim w G?„ = oo. 

The space lim w (^X, ^-dist,e^ is called an asymptotic cone of X . It is denoted 
by Con"pf;e,d). 

Remark 2.6. Let G be a finitely generated group endowed with a word metric. 
(1) The group Ii\G/uj acts on Con"(G; 1, d) transitively by isometries: 

(g n ) w \im u (x n ) = lim w (g n x n ) . 
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(2) Given an arbitrary sequence of observation points e, the group e w (HiG /w)(e") _1 
acts transitively by isometries on the asymptotic cone Con w (G; e, d). In particular, 
every asymptotic cone of G is homogeneous. 

Convention 2.7. By the above remark, when we consider an asymptotic cone of a 
finitely generated group, it is no loss of generality to assume that the observation 
point is (1)". We shall do this unless explicitly stated otherwise. 

2.2. The complex of curves. Throughout, S — S g . p will denote a compact con- 
nected orientable surface of genus g and with p boundary components. Subsurfaces 
Y C S will always be considered to be essential (i.e., with non-trivial fundamental 
group which injects into the fundamental group of S), also they will not be as- 
sumed to be proper unless explicitly stated. We will often measure the complexity 
of a surface by £(S g , p ) = 3g + p — 3; this complexity is additive under disjoint 
union. Surfaces and curves are always considered up to homotopy unless explicitly 
stated otherwise; we refer to a pair of curves (surfaces, etc) intersecting if they have 
non-trivial intersection independent of the choice of representatives. 

The (1-skeleton of the) complex of curves of a surface S, denoted by C(S), is 
defined as follows. The set of vertices of C(S), denoted by Co (S), is the set of 
homotopy classes of essential non-peripheral simple closed curves on S. When 
£{S) > 1, a collection of n + 1 vertices span an n-simplex if the corresponding 
curves can be realized (by representatives of the homotopy classes) disjointly on S. 
A simplicial complex is quasi-isometric to its 1-skeleton, so when it is convenient 
we abuse notation and use the term complex of curves to refer to its 1-skeleton. 

A multicurve on S are the homotopy classes of curves associated to a simplex in 
C(S). 

If £(5) = 1 then two vertices are connected by an edge if they can be realized so 
that they intersect in the minimal possible number of points on the surface S (i.e. 
1 if S = and 2 if S = So,*). If = then S = S 1>0 or S = S ,3- In the 
first case we do the same as for £ (S) = 1 and in the second case the curve complex 
is empty since this surface doesn't support any essential simple closed curve. The 
complex is also empty if £(S) < —2. 

Finally if £(S) = —1, then S is an annulus. We only consider the case when the 
annulus is a subsurface of a surface S' . In this case we define C(S) by looking in the 
annular cover S' in which S lifts homcomorphically. We use the compactification 
of the hyperbolic plane as the closed unit disk to obtain a closed annulus S'. 

We define the vertices of C(S) to be the homotopy classes of arcs connecting 
the two boundary components of S' , where the homotopies are required to fix the 
endpoints. We define a pair of vertices to be connected by an edge if they have 
representatives which can be realized with disjoint interior. Metrizing edges to be 
isometric to the unit interval, this space is quasi-isometric to Z. 

A fundamental result on the curve complex is the following: 

Theorem 2.8 (Masur— Minsky; [MM99I ) ■ For any surface S, the complex of curves 
of S is an infinite- diameter 6-hyperbolic space (as long as it is non-empty), with 6 
depending only on £(S). 

There is a particular family of geodesies in a complex of curves C(S) called 
tight geodesies. We use Bowditch's notion of tight geodesic, as defined in IBowl 
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§1]. Although C(S) is a locally infinite complex, some finiteness phenomena appear 
when restricting to the family of tight geodesies ( |Bow| . |MM00| ). 

2.3. Projection on the complex of curves of a subsurface. We shall need 
the natural projection of a curve (multicurve) 7 onto an essential subsurface Y C- S 
defined in [M MOOj . By definition, the projection ttc(y) (7) is a possibly empty subset 
ofC(F). 

The definition of this projection is from |MM00[ § 2] and is given below. Roughly 
speaking, the projection consists of all closed curves of the intersections of 7 with 
Y together with all the arcs of 7 n Y combined with parts of the boundary of Y (to 
form essential non-peripheral closed curves). 

Definition 2.9. Fix an essential subsurface Y C S. Given an element 7 £ C(S) 
we define the projection itc(Y){l) G as follows. 

(1) If cither 7 n Y = 0, or Y is an annulus and 7 is its core curve (i.e. 7 is 
the unique homotopy class of essential simple closed curve in Y), then we 
define 7Tc(y)(7) = 0- 

(2) If Y is an annulus which transversally intersects 7, then we define t^c(y){i) 
to be the union of the elements of C(Y) defined by every lifting of 7 to an 
annular cover as in the definition of the curve complex of an annulus. 

(3) In all remaining cases, consider the arcs and simple closed curves obtained 
by intersecting Y and 7. We define ttc(y)(i) to be the set of vertices in 
C(Y) consisting of: 

• the essential non-peripheral simple closed curves in the collection above; 

• the essential non-peripheral simple closed curves obtained by taking 
arcs from the above collection union a subarc of dY (i.e. those curves 
which can be obtained by resolving the arcs in 7 n Y to curves) . 

One of the basic properties is the following result of Masur-Minsky (see [MMOO , 
Lemma 2.3] for the original proof, in [Min03j the bound was corrected from 2 to 3). 

Lemma 2.10 ([MMOO]). If A is a multicurve in S and Y is a subsurface of S 
intersecting nontrivially every homotopy class of curve composing A, then 

diam C (y)(7r c( y)(A)) < 3. 

Notation 2.11. Given A, A' a pair of multicurves in C(S), for brevity we often 
write distc(y) (A, A') instead of distc(y)(7ry(A),7iv(A / )). 

2.4. Mapping class groups. The mapping class group, M.CQ{S), of a surface S 
of finite type is the quotient of the group of homeomorphisms of S by the subgroup 
of homeomorphisms isotopic to the identity. Since the mapping class group of a 
surface of finite type is finitely generated jBirj . we may consider a word metric 
on the group — this metric is unique up to bi-Lipschitz equivalence. Note that 
A4CQ(S) acts on C(S) by simplicial automorphisms (in particular by isometrics) 
and with finite quotient, and that the family of tight geodesies is invariant with 
respect to this action. 

Recall that according to the Nielsen- Thurston classification, any element g E 
AiCQ(S) satisfies one of the following three properties, where the first two are not 
mutually exclusive: 

(1) g has finite order; 
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(2) there exists a multicurvc A in C(S) invariant by g (in this case g is called 
reducible); 

(3) g is pseudo-Anosov. 

We call an element g £ MCQ(S) pure if there exists a multicurvc A (possibly 
empty) component-wise invariant by g and such that g does not permute the con- 
nected components of S*\ A, and it induces on each component of S\A and on each 
annulus with core curve in A either a pseudo-Anosov or the identity map (we use 
the convention that a Dehn twist on an annulus is considered to be pseudo-Anosov). 
In particular every pseudo-Anosov is pure. 

Theorem 2.12. fllva92| Corollary 1.8], |Iva02| Theorem 7.1.E]) Consider the ho- 
momorphism from A4CG(S) to the finite group Aut(Hi(S, Z/fcZ)) defined by the 
action of diffeomorphisms on homology. 

If k > 3 then the kernel M.CQk{S) of the homomorphism is composed only of 
pure elements, in particular it is torsion free. 

We now show that versions of some of the previous results hold for the ultrapower 
HA4CQ(S)/uj of a mapping class group. The elements in M.CQ{S) U can also be 
classified into finite order, reducible and pseudo-Anosov elements, according to 
whether their components satisfy that property w-almost surely. 

Similarly, one may define pure elements in M.CQ (S) u . Note that non-trivial pure 
elements both in AiCQ(S) and in its ultrapower are of infinite order. 

Theorem 12.121 implies the following statements. 

Lemma 2.13. (1) The ultrapower AACQ{S) U} contains a finite index normal 
subgroup MCQ{S)^ which consists only of pure elements. 
(2) The orders of finite subgroups in the ultrapower MCQ{S) U) are bounded by 
a constant N = N(S). 

Proof. (1) The homomorphism in Theorcm l2 . 1 21 for k > 3 induces a homomorphism 
from MCQ{S)" to a finite group whose kernel consists only of pure elements. 

(2) Since any finite subgroup of MCQ(S) U has trivial intersection with the group 
of pure elements AiCG{S)p, it follows that it injects into the quotient group, hence 
its cardinality is at most the index of MCQ(S)p. □ 

2.5. The marking complex. For most of the sequel, we do not work with the 
mapping class group directly, but rather with a particular quasi-isometric model 
which is a graph called the marking complex, A4(S), which is defined as follows. 

The vertices of the marking graph arc called markings. Each marking /i £ Ad(S) 
consists of the following pair of data: 

• base curves: a multicurvc consisting of 3g+p— 3 components, i.e. a maximal 
simplex in C(S). This collection is denoted base(/i). 

• transversal curves: to each curve 7 £ base(/i) is associated an essential 
curve in the complex of curves of the annulus with core curve 7 with a 
certain compatibility condition. More precisely, letting T denote the com- 
plexity 1 component of S \ Uaebaseu a^-y a > the transversal curve to 7 is 
any curve £(7) £ C(T) with diste(r) (7^(7)) = 1; since £(7) n 7 7^ 0, the 
curve 4(7) is a representative of a point in the curve complex of the annulus 
about 7, i.e. £(7) £ £(7). 
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We define two vertices /U, v £ M(S) to be connected by an edge if either of the 
two conditions hold: 

(1) Twists: [i and v differ by a Dchn twist along one of the base curves. That 
is, base(/i) = base(i/) and all their transversal curves agree except for about 
one clement £ base(//) = base(f) where /,,(">) is obtained from f„(l) by 
twisting once about the curve 7. 

(2) Flips: The base curves and transversal curves of [i and v agree except 
for one pair (7,^(7)) £ /J. for which the corresponding pair consists of the 
same pair but with the roles of base and transversal reversed. Note that the 
second condition to be a marking requires that each transversal curve inter- 
sects exactly one base curve, but the Flip move may violate this condition. 
It is shown in [MM00| Lemma 2.4], that there is a finite set of natural ways 
to resolve this issue, yielding a finite (in fact uniformly bounded) number 
of flip moves which can be obtained by flipping the pair (7, £(7)) £ /i; an 
edge connects each of these possible flips to /i. 

The following result is due to Masur-Minsky |MM00j . 

Theorem 2.14. The graph M(S) is locally finite and the mapping class group 
acts cocompactly and properly dis continuously on it. In particular the mapping 
class group of S endowed with a word metric is quasi-isometric to M(S) endowed 
with the simplicial distance, denoted by dist^vj^j. 

Notation 2.15. In what follows we sometimes denote distjvj(s) by dist^n, when 
there is no possibility of confusion. 

The subsurface projections introduced in Section 12.21 allow one to consider the 
projection of a marking on S to the curve complex of a subsurface Y C S. Given 
a marking /i £ M(S) we define 7I"c(S)(m) to be basest. More generally, given a 
subsurface Y C S, we define ^c{Y){l L ) = 7r c(i r )(base(/i)), if Y is not an annulus 
about an element of base(/j,); if Y is an annulus about an element 7 £ base(^), then 
we define t^c(Y){^) = t(l)> * ne transversal curve to 7. 

Notation 2.16. For two markings n, v £ Ai(S) we often use the following standard 
simplification of notation: 

dist C (y)(/i,i/) = dist c(y) (7r c(y) (//),7r c( y)(^)). 

Remark 2.17. By Lemma 12.101 for every marking pL and every subsurface Y C S, 
the diameter of the projection of /i into C(Y) is at most 3. This implies that 
the difference between distc(y)(/x, v) as defined above and the Hausdorff distance 
between ttc(y){ii) and t^c(y){ v ) hi C{Y) is at most six. 

Hierarchies. In the marking complex, there is an important family of quasi-geodesics 
called hierarchy paths which have several useful geometric properties. The concept 
of hierarchy was first developed by Masur-Minsky in |MM00j , which the reader may 
consult for further details. For a survey see |Min06j . We recall below the properties 
of hierarchies that we shall use in the sequel. 

Given two subsets A, B C K, a map / : A — > B is said to be coarsely increasing 
if there exists a constant D such that for each a, b in A satisfying a + D < b,we have 
that /(a) < f{b). Similarly, we define coarsely decreasing and coarsely monotonic 
maps. We say a map between quasi-geodesics is coarsely monotonic if it defines a 
coarsely monotonic map between suitable nets in their domain. 
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We say a quasi-geodesic q in Ai(S) is C(U) -monotonic for some subsurface 
U C S if one can associate a geodesic tjj in C(U) which shadows q in the sense that 
ijj is a path from a vertex of 7T[/(basc(^)) to a vertex of 7T{/(base(i/)) and there is 
a coarsely monotonic map v: q — > ijj such that v(p) is a vertex in 7T[/(base(p)) for 
every vertex p € g. 

Any pair of points (U, v € ■M(S') are connected by at least one hierarchy path. 
Hierarchy paths are quasi-geodesics with uniform constants depending only on the 
surface S. One of the important properties of hierarchy paths is that they are C(U)~ 
monotonic for every U C S and moreover the geodesic onto which they project is 
a tight geodesic. 

The following is an immediate consequence of Lemma 6.2 in |MM00j . 

Lemma 2.18. There exists a constant M = M(S) such that, ifY is an essential 
proper subsurface of S and p, v are two markings in M. (S) satisfying dist C (y) (/i, v) > 
M , then any hierarchy path q connecting p to v contains a marking p such that the 
multicurve base(p) includes the multicurve dY . Furthermore, there exists a vertex 
v in the geodesic t B shadowed by q for which v € base(p) ; and hence satisfying 
Y C S\v. 

Definition 2.19. Given a constant K > M(S), where M(S) is the constant 
from Lemma 12.181 and a pair of markings p, v, the subsurfaces Y (- S for which 
distc(Y)(p, v) > K are called the K -large domains for the pair (//, v). We say that 
a hierarchy path contains a domain Y C S if Y is a M (S')-large domain between 
some pair of points on the hierarchy path. Note that for every such domain, the 
hierarchy contains a marking whose base contains dY. 

The following useful lemma is one of the basic ingredients in the structure of 
hierarchy paths; it is an immediate consequence of jMMOOl Theorem 4.7] and the 
fact that a chain of nested subsurfaces has length at most £(S). 

Lemma 2.20. Let p, v G A4(S) and let £ be the complexity of S . Then for every 
M(S)-large domain Y in a hierarchy path [p, v\ there exist at most 2£ domains that 
are M{S) -large and that contain Y , in that path. 

A pair of subsurfaces Y ,Z are said to overlap if Y HZ ^ and neither of the two 
subsurfaces is a subsurface of the other; when Y and Z overlap we write Y ftl Z, 
when they do not overlap we write Y tf\Z . The following useful theorem was proven 
by Behrstock in |Beh06] . 

Theorem 2.21. (Projection estimates Beh06 ). There exists a constant D de- 
pending only on the topological type of a surface S such that for any two overlapping 
subsurfaces Y and Z in S, with £(Y) ^ ^ £(Z), and for any p £ A4(S): 

mm{dist C ( Y ){dZ, p),dist C (z)(dY 7 p)} < D. 

Convention 2.22. In what follows we assume that the constant M = M(S) from 
Lemma 12.181 is larger than the constant D from Theorem 12.211 

Notation 2.23. Let a > 1, b,x,y be positive real numbers. We write x < a .b y if 

x < ay + b. 

We write x ~ a .b y if and only if x < Qj b y and y < a ,b x. 

Notation 2.24. Let K,N > be real numbers. We define {N} K to be N if 
N > K and otherwise. 
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The following result is fundamental in studying the metric geometry of the mark- 
ing complex. It provides a way to compute distance in the marking complex from 
the distances in the curve complexes of the large domains. 

Theorem 2.25 (Masur-Minsky; |MM00| ). If n,v E M(S), then there exists a 
constant K(S), depending only on S, such that for each K > K(S) there exists 
a > 1 and b > for which: 



We now define an important collection of subsets of the marking complex. In 
what follows by topological type of a multicurve T we mean the topological type of 
the pair (S,T). 

Notation 2.26. Let A be a simplex in C(S). We define Q(A) to be the set of 
elements of AA(S) whose bases contain A. 

Remark 2.27. As noted in [BM08] a consequence of the distance formula is that the 
space "2(A) is quasi-isometric to a coset of a stabilizer in M.CQ{S) of a multicurve 
with the same topological type as A. To see this, fix a collection T%, ...,r n of 
multicurves where each topological type of multicurve is represented exactly once 
in this list. Given any multicurve A, fix an element / <G MCQ for which f(Ti) = A, 
for the appropriate 1 < i < n. Now, up to a bounded Hausdorff distance, we 
have an identification of Q(A) with /stab(T.;) given by the natural quasi- isometry 
between M{S) and MCG(S). 

Marking projections. 

2.5.1. Projection on the marking complex of a subsurface. Given any subsurface 
Z C S, we define a projection ttm{Z) '■ ■M(S) — > 2 M ( Z \ which sends elements of 
Ai(S) to subsets of Ai(Z). Given any fi £ Ai(S) we build a marking on Z in 
the following way. Choose an element 71 6 irz{[i), and then recursively choose j n 
from 7rz\Ui<„7i eacn n — Now take these ji to be the base curves 

of a marking on Z. For each 7$ we define its transversal i(7i) to be an element of 
7T 7i (/i). This process yields a marking, see |Beh06| for details. 

Arbitrary choices were made in this construction, but it is proven in |Beh06j 
that there is a uniform constant depending only on so that given any Z C S 

and any /x any two choices in building t^m(z)(i j ') lead to elements of M(Z) whose 
distance is bounded by this uniform constant. Thus, in the sequel the choices made 
in the construction will be irrelevant. 

Remark 2.28. Given two nested subsurfaces Y C Z C S the projection of an 
arbitrary marking fj. onto C(Y) is at uniformly bounded distance from the projection 
of 7r_A4(2)(/i) onto C(Y). This follows from the fact that in the choice of ""a4(z)(a<) 
one can start with a base curve in S which intersects Y and hence also determines 
up to diameter 3 the projection of [i to C(Y). 

A similar argument implies that t^m(y) (a*) is a t uniformly bounded distance from 
KM(Y) (tt.m(z)(aO)- 




(2) 



distx(s)(M,^) ~a,b {{ dist c(Y)(7rr(/i) ; 7rr(^ 
yes 



'))}} 




An easy consequence of the distance formula in Theorem 12.251 is the following. 
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Corollary 2.29. There exist A > 1 and B > depending only on S such that for 
any subsurface Z C S and any two markings n,v € M(S) the following holds: 



2.5.2. Projection on a set Q(A). Given a marking fj. and a multicurve A, the 
projection 7i'A4(s\A)(A t ) can De defined as in Section 12.5.11 This allows one to con- 
struct a point [i! G Q(A) which, up to a uniformly bounded error, is closest to [i. 
See |BM08| for details. The marking // is obtained by taking the union of the (pos- 
sibly partial collection of) base curves A with transversal curves given by 7TA(/i) 
together with the base curves and transversals given by ttm{S\a) (m)- Note that the 
construction of // requires, for each subsurface W determined by the multicurve 
A, the construction of a projection iTMiw)^)- As explained in Section 12.5.11 each 
ttm(w) (a*) is determined up to uniformly bounded distance in A4 {W), thus fi' is well 
defined up to a uniformly bounded ambiguity depending only on the topological 
type of S. 

3. Tree-graded metric spaces 

3.1. Preliminaries. A subset A in a geodesic metric space X is called geodesic if 
every two points in A can be joined by a geodesic contained in A. 

Definition 3.1. (Dru^u-Sapir |DS05| ) Let F be a complete geodesic metric space 
and let V be a collection of closed geodesic proper subsets, called pieces, covering 
F. We say that the space F is tree-graded with respect to V if the following two 
properties are satisfied: 

(Ti) Every two different pieces have at most one point in common. 

(T2) Every simple non-trivial geodesic triangle in F is contained in one piece. 

When there is no risk of confusion as to the set V, we simply say that F is 
tree-graded. 

Note that one can drop the requirement that pieces cover X because one can 
always add to the collection of pieces V all the 1-element subsets of X. In some 
important cases, as for asymptotic cones of metrically relatively hyperbolic spaces 
[Dru] , the pieces of the natural tree-graded structure do not cover X. 

We discuss in what follows some of the properties of tree-graded spaces that we 
shall need further on. 

Proposition 3.2 f |DS05j . Proposition 2.17). Property (T 2 ) can be replaced by the 
following property: 

(T' 2 ) for every topological arc c : [0, d] — > F and t £ [0, d], let c[t — 
a, t + b] be a maximal sub-arc of c containing c(t) and contained in 
one piece. Then every other topological arc with the same endpoints 
as c must contain the points c(t — a) and c(t + b). 

Convention 3.3. In what follows when speaking about cut-points we always mean 
global cut-points. 

Any complete geodesic metric space with a global cut-point provides an example 
of a tree-graded metric space, as the following result points out. 

Lemma 3.4 ( DS05], Lemma 2.30). Let X be a complete geodesic metric space 
containing at least two points and let C be a non-empty set of cut-points in X . 
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The set V of all maximal path connected subsets that are either singletons or 
such that none of their cut-points belongs to C is a set of pieces for a tree-graded 
structure on X . 

Moreover the intersection of any two distinct pieces from V is either empty or a 
point from C. 

Lemma 3.5 (DS05], Section 2.1). Let x be an arbitrary point in F and let T x be 

the set of points y € F which can be joined to x by a topological arc intersecting 
every piece in at most one point. 

The subset T x is a real tree and a closed subset of F, and every topological arc 
joining two points in T x is contained in T x . Moreover, for every y £ T x , T y = T x . 

Definition 3.6. A subset T x as in Lemma [3~51 is called a transversal tree in F. 

A geodesic segment, ray or line contained in a transversal tree is called a transver- 
sal geodesic. 

Throughout the rest of the section, (F, V) is a tree-graded space. 

The following statement is an immediate consequence of [DS051 Corollary 2.11]. 

Lemma 3.7. Let A and B be two pieces in V . There exists a unique pair of points 
a G A and b G B such that any topological arc joining A and B contains a and b. 
Ln particular dist(^4, B) = dist(a, b). 

For every tree-graded space there can be defined a canonical R-tree quotient 
[DS07] . 

Notation: Let x, y be two arbitrary points in F. We define dist(x, y) to be dist(a;, y) 
minus the sum of lengths of non-trivial sub-arcs which appear as intersections of 
one (any) geodesic [x, y] with pieces. 

The function dist(x, y) is well defined (independent of the choice of a geodesic 
[x, y}), symmetric, and it satisfies the triangle inequality |DS07| . 

The relation ps defined by 

(3) x ~ y if and only if dist(a;, y) = , 

is a closed equivalence relation. 

Lemma 3.8. <" [DS07] ) 

(1) The quotient T = F/w is an WL-tree with respect to the metric induced by 
dist. 

(2) Every geodesic in F projects onto a geodesic in T. Conversely, for every 
non-trivial geodesic q in T there exists a non-trivial geodesic p in F such 
that its projection on T is q. 

(3) If x 7^ y are in the same transversal tree o/F then dist(x, y) = dist(:r, y). In 
particular, x 76 y. Thus every transversal tree projects into T isometrically. 

Following [DS071 Definitions 2.6 and 2.9], given a topological arc g in F, we 
define the set of cut-points on g, which we denote by Cutp (g), as the subset of g 
which is complementary to the union of all the interiors of sub-arcs appearing as 
intersections of g with pieces. Given two points x, y in F, we define the set of cut- 
points separating x and y, which we denote by Cutp {2, y}, as the set of cut-points 
of some (any) topological arc joining x and y. Note that if g is an isometry of F 
which permutes pieces in a given tree-grading, then g(Cutp {x, y}) = Cutp {gx, gy} 
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3.2. Isometries of tree-graded spaces. For all the results on tree-graded metric 
spaces that we use in what follows we refer to |DS05j . mainly to Section 2 in that 
paper. 

Lemma 3.9. Let x,y be two distinct points, and assume that Cutp{x,y} does not 
contain a point at equal distance from x and y. Let a be the farthest from x point 
in Cutp{x,y} with dist(x, a) < dlst ^ y - ) ) and let b be the farthest from y point in 
Cutp {x, y} with dist(z/, b) < dlht fo'^) . Then there exists a unique piece P containing 
{a, b}, and P contains all points at equal distance from x and y. 

Proof. Since Cutp {x, y} does not contain a point at equal distance from x and y 
it follows that a =/= b. The choice of a, b implies that Cutp {a, b} = {a, b}, whence 
{a, b} is contained in a piece P, and P is the unique piece with this property, by 
property (Ti) of a tree-graded space. 

Let to 6 F be such that dist(x,m) = dist(i/,m) = £L^iL£iEl_ Then any union 
of geodesies [x,m] U [m,y] is a geodesic. By property (Tg) of a tree-graded space, 
a G [jc, to], b € [to, y]. The sub-geodesic [a, to] U [to, b] has endpoints in the piece P 
and therefore is entirely contained in P, since pieces are convex, i.e., each geodesic 
with endpoints in a piece is entirely contained in that piece |DS05[ Lemma 2.6]. □ 

Definition 3.10. Let x,y be two distinct points. If Cutp{x,y} contains a point 
at equal distance from x and y then we call that point the middle cut-point of x, y. 

If Cutj>{x,y} does not contain such a point then we call the piece defined in 
Lemma 13.91 the middle cut-piece of x,y. 

If x — y then we say that x, y have the middle cut-point x. 

Let P, Q be two distinct pieces, and let x € P and y € Q be the unique pair 
of points minimizing the distance Lemma 13.71 The middle cut-point (or middle 
cut-piece) of P,Q is the middle cut-point (respectively, the middle cut-piece) of 
x,y. 

If P = Q then we say that P, Q have the middle cut-piece P. 

Lemma 3.11. Let g be an isometry permuting pieces of a tree-graded space F, such 
that the cyclic group (g) has bounded orbits. 

(1) If x is a point such that gx ^ x then g fixes the middle cut-point or the 
middle cut-piece ofx,gx. 

(2) If P is a piece such that gP ^ P then g fixes the middle cut-point or the 
middle cut-piece of P,gP. 

Proof. ([I]) Let e be the farthest from gx point in Cutp {a;, gx} n Cutp {gx, g 2 x} 
and let d = dist(:r, gx) > 0. 

(a) Assume that x,gx have a middle cut-point to £ Cutp {x, gx}. If the 
intersection Cutp {x, gx} f~l Cutp {gx, g 2 x} contains to then gm = to because g 
takes to is the (unique) point from Cutp {gx, g 2 x} at distance dist(x, gx)/2 from 
gx. We argue by contradiction and assume that gm ^ to, whence Cutp {x, gx} n 
Cutp {gx, g 2 x} does not contain to. Then dist(gx,e) = | — e for some e > 0. 

Assume that p = [x,e] U [e,g 2 a;] is a topological arc. If e e Cutpp then 
e G Cutp{a;,p 2 a;}. It follows that dist(x, g 2 x) = dist(x, e) + dist(e, g 2 x) — 2(| + 
e) = d + It. An induction argument will then give that Cutp {x, g n x} contains 
e, ge, ...,g n ~ 2 e, hence that dist(x, g n x) = d + 2e(n — 1). This contradicts the hy- 
pothesis that the orbits of (g) are bounded. 
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If e ^ Cutp p then there exists a G Cutp {x, e} and b G Cutp {e, g 2 x} such that 
a, e are the endpoints of a non-trivial intersection of any geodesic [x, gx] with a piece 
P, and e, & are the endpoints of a non-trivial intersection of any geodesic [gx,g 2 x\ 
with the same piece P. Note that a ^ b otherwise the choice of e would be con- 
tradicted. Also, since m G Cutp{x,e} and m ^ e it follows that m G Cutp {x, a}. 
Similarly, gm G Cutp {g 2 x, b}. It follows that dist(x, a) and dist(<7 2 x, b) are at least 
|. Since [x,a] U [a, b] U [&,g 2 x] is a geodesic (by [DS051 Lemma 2.28]) it follows 
that dist(x, g 2 x) > dist(x, a) + dist(a, b) + dist(6, g 2 x) > d + dist(a, b). An induc- 
tion argument gives that [x,a] U |_|L-=o {[d ka i 9 k b] u [g k b, g k+1 a\) U [<?" _1 a, g"x] is a 
geodesic. This implies that dist(x,g"x) > d + (n — l)dist(a, b), contradicting the 
hypothesis that (g) has bounded orbits. Note that the argument in this paragraph 
applies as soon as we find the points x, e,p as above. 

Assume that p = [x, e] U [e, g 2 x] is not a topological arc. Then [x, e] H [e, g 2 x] 
contains a point y^e. According to the choice of e, y is cither not in Cutp{x,e} 
or not in Cutp {e, g 2 x}, and Cutp{e, y} must be {e,j/}. It follows that y, e are in 
the same piece P. If we consider the endpoints of the (non-trivial) intersections of 
any geodesies [x, e] and [e, g 2 x\ with the piece P, points a, e and e, b respectively, 
then we are in the setup described in the previous case and we can apply the same 
argument. 

(b) Assume that x, gx have a middle cut-piece Q. Then there exist two points 
i, o in Cutp {a;, gx}, the entrance and respectively the exit point of any geodesic 
[x, gx] in the piece Q, such that the midpoint of [x,(/x] is in the interior of sub- 
geodesic [i, o] of [x,gx] (for any choice of the geodesic [x,gx]). 

If e e Cutp {x, i} then g stabilizes Cutp {e, ge} and, since g is an isometry, g 
fixes the middle cut-piece Q of e, ge. Assume on the contrary that gQ ^ Q. Then 
e G Cutp{o, gx}. If p = [x, e] U [e,g 2 x] is a topological arc and e G Cutpp then as 
in (a) we may conclude that (g) has an unbounded orbit. If either e ^ Cutpp or 
p = [x, e] U [e, g 2 x] is not a topological arc then as in (a) we may conclude that there 
exist a G Cutp{x, e} and b G Cutp{e,g 2 x} such that a, 6, e are pairwise distinct 
and contained in the same piece P. 

Assume that e = o. Then a = i and P = Q. By hypothesis P ^ gQ. It follows 
that any geodesic [6, g 2 x) intersects gQ, whence ga, ge G Cutp {&, g 2 x}. Since [x, a]U 
[a, b] U [b, g 2 x] is a geodesic (by IDS051 Lemma 2.28]) we have that dist(x,g 2 x) = 
dist(x, a) + dist(a, b) + dist(6, g 2 x) > dist(x,a) + dist(a, 6) + dist(ga,5 2 x) = d + 
dist(a,&). An inductive argument gives that for any n > 1, the union of geodesies 
[x, a]U|J^~Q (\ L g k a,g k b] U [g k b, g k+1 a])u[g n ~ 1 a, g n x] is a geodesic, hence dist(x, g n x) > 
d+ (n — l)dist(a, 6), contradicting the hypothesis that (g) has bounded orbits. 

Assume that e^o. If e = gi, hence b = go and P = gQ then an argument as 
before gives that for every n > 1, dist(x, g n x) > d+(n— l)dist(a, b), a contradiction. 

If e ^ {gh°} t nen i, o G Cutp {x, a} and gi,go G Cutp {6, g 2 x}, whence both 
dist(x,a) and dist(6, g 2 x) are larger than |. It follows that the union [x, a] U 

Ufc=o ([5 fea i5 fc fr] u [g k b,g k+1 a]) U [g" _1 a,g™x] is a geodesic, therefore dist(x,g"x) 
is at least d + (n — l)dist(a, b), contradiction. 

© Let x G P and y G </P be the pair of points realizing the distance which 
exist by Lemma [3.71 Assume that gx ^ y. Then [x,y] U [y,gx] is a geodesic, for 
every geodesies [x,y] and [y,gx\. Similarly, [x,y] U [y,gx] U [sx,gy] U [gy,g 2 x] is 
a geodesic. An easy induction argument gives that |Jfe=o [9 kx > 9 k y] 1S a geodesic. 
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In particular dist(x, g n x) > ndist(y, gx) contradicting the hypothesis that (g) has 
bounded orbits. 

It follows that y = gx. If gx = x then we are done. If gx ^ x then we 
apply (HJ. □ 

Lemma 3.12. Let gx, g n be isometries of a tree-graded space permuting pieces 
and generating a group with bounded orbits. Then gi,.--,g n have a common fixed 
point or (set-wise) fixed piece. 

Proof. We argue by induction on n. For n = 1 it follows from Lemma l3.Hl Assume 
the conclusion holds for n and take g\, g n +i isometries generating a group with 
bounded orbits and permuting pieces. By the induction hypothesis g\,...,g n fix 
either a point a; or a piece P. 

Assume they fix a point x, and that g n +\x 7^ x. Assume that x,g n +ix have a 
middle cut-point m. Then g n+ \m = to by Lemma l3.111 ([T]). For every i G {1, ■■■,n}, 
g n+ igiX = g n +ix therefore g n -\-\gim = to, hence ^to = to. If x, g n +ix have a middle 
cut-piece Q then it is shown similarly that g\, ...,g n+ i fix Q set-wise. In the case 
when gx,.-.,g n fix a piece P, Lemma 13.111 also allows to prove that g\, ...,g n+ i fix 
the middle cut-point or middle cut-piece of P,g n +\P. □ 

4. Asymptotic cones of mapping class groups 

4.1. Distance formula in asymptotic cones of mapping class groups. Fix 

an arbitrary asymptotic cone AM(S) = Con u (M(S); (x n ), (d n )) of Ai(S). 

We fix a point vq in M(S) and define the map MCQ(S) —> M(S) , g 1— > gvo, 
which according to Theorem 12.141 is a quasi-isometry. There exists a sequence 
go = in M.CQ(S) such that x n = g^o, which we shall later use to discuss the 
ultrapower of the mapping class group. 

Notation: By Remark[2~^l the group gfi (JL 1 MCQ{S) /u)){gQ ) _1 acts transitively by 
isometries on the asymptotic cone Con"(A^(5'); (x n ), (d n )). We denote this group 
by QM. 

Definition 4.1. A path in AM obtained by taking an ultralimit of hierarchy paths, 
is, by a slight abuse of notation, also called a hierarchy path. 

It was proved in [Bch06j that the asymptotic cone AM has cut-points and is 
thus a tree-graded space. Since AM is tree-graded, one can define the collection of 
pieces in the tree-graded structure of AM as the collection of maximal subsets in 
AM without cut-points. That set of pieces can be described as follows |BKMM08j 
§ 7], where the equivalence to the third item below is an implicit consequence of 
the proof in BKMM08 of the equivalence of the first two items. 

Theorem 4.2 (Bchrstock-Klcincr-Minsky-Mosher |BKMM08] ). Fix a pair of points 
fj,^ 1/ £ AM(5). If £,(S) > 2, then the following are equivalent. 

(1) No point of AM (5) separates (jl from v. 

(2) There exist points fj, 1 ,u' arbitrarily close to ^,v, resp., for which there 
exists representative sequences {jJL' n ) , (v' n ) satisfying 



limd c{s) (n' n ,v' n ) < 00. 
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(3) For every hierarchy path H = lim^ h n connecting fj, and v there exists 
points fi' , v ' on H which are arbitrarily close to fi, v , resp., and for which 
there exists representative sequences (/J>' n ), (y' n ) with [i' nl v' n on h n satisfying 

lim dc(s){v'„,v'n) < oo. 

Thus for every two points fi, v in the same piece of AM. there exists a sequence 
of pairs such that : 

• e fc = max(dist Con - (jM(s) . (;Cn)i(d?i)) (/Lt,M (fc) ) , dist Co n"(>t(S);(xn),(d„)) ( ly , I/(fe) )) goes 
to zero; 

• Z)( fc ) = lim w A\stc(s){f i n \ Vn ) is finite for every k <G N. 

Remark 4.3. The projection of the marking complex M(S) onto the complex 
of curves C(S) induces a Lipschitz map from AM(S) onto the asymptotic cone 
AC(S) = Con"(C(Sy,(ir C (s)Xn),(d n )). By Theorem|4~2J pieces in AM(S) project 
onto singletons in AC(S). Therefore two points fi and v in AM(S) for which 
dist(/x, i>) = (i.e., satisfying the relation m is; see Lemma l3~8f project onto the 
same point in AC(S). Thus the projection AM(S) — > AC(S) induces a projection 
of Ts = ^1^(5)/ ~ onto AC(S). The latter projection is not a bijection. This 
can be seen by taking for instance a sequence (7„) of geodesies in C(S) with one 
endpoint in irc(s)( x n) and of length \fd^, and considering elements g n in M.CQ(S) 
obtained by performing [V^nJ • Dchn twists around each curve in 7„ consecutively. 
The projections of the limit points lim w (x n ) and lim^ (g n x n ) onto AC{S) coincide, 
while their projections onto Ts are distinct. Indeed the limit of the sequence of 
paths h„ joining x„ and g n x n obtained by consecutive applications to x n of the 
Dehn twists is a transversal path. Otherwise, if this path had a non-trivial inter- 
section with a piece then according to Theorem 14.21 (3), there would exist points 
fi n and v n on h n such that dist^(5) (/i„, v n ) > ed n for some e > and such that 
distc(5)(/x„, v n ) is bounded by a constant D > uniform in n. But the latter 
inequality would imply that dist_vi(s)(/U n , v n ) < Dy/cL^ , contradicting the former 
inequality. 

Let 6 be the set of all subsurfaces of S and let HB/ui be its ultrapower. For 
simplicity we denote by S the element in nfi/o; given by the constant sequence (S). 
We define, for every U = {U n ) u <S nfi/o;, its complexity £(U) to be lim^ £(t/ rl ). 

We say that an element U = (U n ) u in nfi/o; is a subsurface of another element 
Y = (F„) w , and we denote it by U C Y if w-almost surely U n C Y n . An element 
U = {Un)" in nfi/o; is said to be a strict subsurface of another element Y = (Y ra )", 
denoted U C Y, if o;-almost surely U n C Y n ; equivalcntly U C Y if and only if 
U C Y and ^(Y) - ^(U) > 1. 

For every U = (Un)" in nfi/o; consider the ultralimit of the marking complexes 
of U n with their own metric M"U = \va\ u] (M.(U n ), (1), (d n ))- Since there exists 
a surface U' such that o;-almost surely U n is homcomorphic to U', the ultralimit 
M. u \] is isometric to the asymptotic cone Con" (M. (U 1 ), (d n )). Consequently Ai^XJ 
is a tree-graded metric space. 

Notation 4.4. We denote by 7\j the quotient tree M^XJ / rj, as constructed in 
Lemma |3~51 We denote by distu the metric on M. U XJ. We abuse notation slightly, 
by writing distu to denote both the pseudo-metric on M. U \J defined at the end of 
Section [31 and the metric this induces on T\j. 
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Notation 4.5. We denote by <2(<9U) the ultralimit lim^ (Q(dU„)) in the asymp- 
totic cone AM, taken with respect to the basepoint obtained by projecting the 
base points we use for AM projected to Q(dXJ). 

There exists a natural projection map ttm^tj from AM to M^XJ sending any 
element fi = lim^ (fj,„ ) to the element of M U XJ defined by the sequence of projec- 
tions of /i n onto M(U n ). This projection induces a well-defined projection between 
asymptotic cones with the same rescaling constants by Corollary 12. 291 

Notation 4.6. For simplicity, we write distu(/^, v) and distu(/-t, v) to denote the 
distance, and the pseudo-distance in M"XJ between the images under the projection 
maps, 7r.M-u(/-t) and nM»\j(v). 

We denote by distc(u) (M) v ) the ultralimit lim w -^-A\stc(u n ){/J"m v n)- 

The following is from |Beh06| Theorem 6.5 and Remark 6.3]. 

Lemma 4.7 ( [Beb.06] ). Given a point /x in AM, the transversal tree as defined 
in Definition ] 3. 61 contains the set 

{v | distu(/x,z/) = 0, VU C S} . 

Corollary 4.8. For any two distinct points fj, and u in AM there exists at least 
one subsurface U in LTB/o; such that distu(/w, u) > and for every strict subsurface 
Y C U, dist_ A/( w(Y)(A t j u ) = 0. In particular itm^\j{i j ') and t^m^\j{ 1 ') are in the 
same transversal tree. 

Proof. Indeed, every chain of nested subsurfaces of S contains at most £ (the com- 
plexity of S) elements. It implies that the same is true for chains of subsurfaces 
U in nfi/cj. In particular, 1TB/ w with the inclusion order satisfies the descending 
chain condition. It remains to apply Lemma 14.71 □ 

Lemma 4.9. There exists a constant t depending only on £(S) such that for every 
fi, v in AM and U € Ilfi/cj the following inequality holds 

dist C (u) (n,v)<t distu (fi,v). 

Proof. The inequality involves only the projections of /it, v onto .M U (U). Also w- 
almost surely U n is homeomorphic to a fixed surface U, hence M U (U) is isometric 
to some asymptotic cone of M(U), and it suffices to prove the inequality for U the 
constant sequence S. 

Let ([otk, f3k])keK be the set of non-trivial intersections of a geodesic [fi, v\ with 
pieces in AM. Then dist(/x, v) = dist(/i,i>) — Y^keK dist(afc, /3k), For any e > 
there exists a finite subset J in K such that i dist(a!fc, /3k) < £• According to 

Theorem 14.21 for every k S K there exist a' k = lim w (a' k n J and f3' k = lim w (/3' k 
for which [a' k , f3' k ] C [otk, /3k] and such that: 

(1) lim w dist c(s) (a' fc . n ,/3£.J < oo 

(2) E fee Kdist(a fc ,/3 fe ) - 2e < £ feeJ dist«, (3' k ). 

The second item above follows since Theorem l4.2l viclds that a' k , (3' k can be chosen 
so that Efce,/ dist(afc,/3fe) is arbitrarily close to Efcej dist(a4, j3' k ), and since the 
contributions from those entries indexed by K — J are less than e. 

Assume that J = {I,2,...m} and that the points a[, f3\, a' 2 , {3' 2 , a' m , (3' m 
appear on the geodesic [jit, v] in that order. 
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By the triangle inequality 

(4) dist c(s) (/i„, v n ) < dist c(s) (/i„, a' l n ) + dist c(s) (J3' m ^ v n )+ 

m m—1 

^dist c(s) (a^ > ,^ > ) + dist c(S)Wj, n ,a' j+hn ) . 

Above we noted lim^ Y^JLi distc(s)( a j, n > Pj.n) < °°> tnus ^ we resca l e the above 
inequality by -j- and take the ultralimit, we obtain: 

m— 1 

(5) dist c(s) (/j,i/) < dist C (s)(M,"i) + dist C (s)(/3m> I/ ) + dist c(s)(/3j, 

j=i 

The distance formula implies that up to some multiplicative constant i, the 
right hand side of equation ([5]) is at most dists(/i, ol\) + Y^j=i dists(/3j, + 
dists(/3^, v), which is equal to dists(/i, v) — Y^JLi dists(ctj,/3j-). Since above we 
noted that ^2 keK dist(afc, (3^) — 2e < J2je j dist(a^., f3' k ), it follows that 

m 

dist s (/x, u) - ^dist s (aj,/3j) < dist s (/x,iv) + 2e. 

Thus, we have shown that for every e > we have dist<7( S )(/x, v) < Mists (/x, v) + 
2te. This completes the proof. □ 

Lemma 4.10. Let \i and v be two markings in M(S) at C(S)- distance s and let 
ai,...,a s +i be the s + 1 consecutive vertices (curves) of a tight geodesic in C(S) 
shadowed by a hierarchy path p joining [i and v. Then the s + 1 proper subsurfaces 
Si, S* s +i of S defined by Si — S \ cti satisfy the inequality 

(6) dist^^Ou,!/) < C^dist^fSi)^,^) + Cs + D 

i 

for some constants C, D depending only on S. 

Proof. By Lemma l2.18l if Y C S is a proper subsurface which yields a term in the 
distance formula (see Theorem I2.25|) for dist^^^u, v), then there exists at least 
one (and at most 3) i £ {1, s + 1} for which Yfloii =0. Hence, any such Y occurs 
in the distance formula for dist^fgy (/i, v), where Si — S \ at. Every term which 
occurs in the distance formula for dist^ (£)(/•*, v), except for the distc(S)(A t ! v ) term, 
has a corresponding term (up to bounded multiplicative and additive errors) in the 
distance formula for at least one of the dist^go^, v). Since distc(S)(/ij i') = s, 
up to the additive and multiplicative bounds occurring in the distance formula this 
term in the distance formula for dist^s^Mj v ) is bounded above by s up to a 
bounded multiplicative and additive error. This implies inequality (|6]). □ 

Notation 4.11. For any subset F C nfi/w we define the map ipF- AM — > 
IlueF ^Uj where for each U £ F the map tpu : AM — > T\j is the canonical projec- 
tion of AM onto Tjj. In the particular case when F is finite equal to {Ui, Ufe} 
we also use the notation V , Ui,..,u fe - 

Lemma 4.12. Let t) C AM denote the ultralimit of a sequence of uniform quasi- 
geodesics in M. Moreover, assume that the quasi- geodesies in the sequence are 
C(U)-monotonic for every U C S , with constants that are uniform over the se- 
quence. 
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Any path f) : [0, a] — > AM, as above, projects onto a geodesic g : [0, b] — > T\j such 
that f)(0) projects onto q(0) and, assuming both [) and q are parameterized by arc 
length, the map [0, a] — > [0, b] defined by the projection is non- decreasing. 

Proof. Fix a path f) satisfying the hypothesis of the lemma. It suffices to prove 
that for every x,y out) and every p on [) between x and y, ipu(p) is on the geodesic 
joining ?pu(x) to ipu(y) in Tjj. If the contrary would hold then there would exist 
!/,ponl) with p between them, such that il)\j(v) = ipu(p) ^ ipu(fi)- Without loss 
of generality we may assume that v, p are the endpoints of f). We denote by [)i and 
f)2 the sub-arcs of rj of endpoints v, p and respectively p, p. 

The projection ttm(u) (fj) is by Corollary l2.29l a continuous path joining ttm(u) ( u ) 
to ttm{U)(p) and containing ttm(u)(p)- 

According to |DS07| Lemma 2.19] a geodesic g 1 joining ^M(\J)iy) to ^m(\j)(p) 
projects onto the geodesic [ipxs(u), tpxj(p)] m ^u- Moreover the set Cutpflj of 
cut-points of g 1 in the tree-graded space M(XJ) projects onto [tp\j(u), tpv(p)]. By 
properties of tree-graded spaces |DS05j the continuous path ttm{U)(^)i) contains 
Cutpg-L. 

Likewise if g 2 is a geodesic joining t^m(\J)(p) t° 7r A4(u)(p) then the set Cutpg 2 
projects onto [ibu(p), i/tu(p)], which is the same as the geodesic [ipu(p), V'u(p)] re- 
versed, and the path t^m(\J)(^2) contains Cutpg 2 - This implies that Cutpj^ = 
Cutpg 2 and that there exists v' on f)i and p' on f)2 such that 7Tx(u)( l/ ') = 
7T M(u)(p') an d ipuiv') = ipu(p') ^ ipxj(fi). Without loss of generality we assume 
that i/' = i/ and p' = p. 

Since distu^A*) > it follows that dist^(u)(' / , p) > 0. Since by construction 
(ji n is on a path joining v n and p„ satisfying the hypotheses of the lemma, we 
know that up to a uniformly bounded additive error we have diste(y)(i/ n ,/x n ) < 
diste(y)(f n , p n ) for every Y C U n . It then follows from the distance formula that 
for some positive constant C that 

— dist^t(u)(i/,/x) < dist A4(u) (zy,p). 

In particular, this implies that dist J vi(u)(f , p) > 0, contradicting the fact that 
^M{\s){ u ) = ^M(u)(p)- D 

The following is an immediate consequence of Lemma [4. 121 since by construction 
hierarchy paths satisfy the hypothesis of the lemma. 

Corollary 4.13. Every hierarchy path in AM projects onto a geodesic in Tjj for 
every subsurface U as in Lemma \4.12\ 

Notation 4.14. Let F,G be two finite subsets in the asymptotic cone AM, and 
let K be a fixed constant larger than the constant M(S) from Lemma \2. 181 

We denote by y(F,G) the set of elements U = (Un)" in the ultrapower Ilfi/a; 
such that for any two points p = lim^ (fi n ) € F and v = lim w (v n ) G G, the 
subsurfaces U n are w-almost surely if- large domains for the pair (p n , v n ), in the 
sense of Definition 12.191 

If F = {p} and G = {v} then we simplify the notation to y(p, is). 

Lemma 4.15. Let p,is be two points in AM and let U = (Un)" be an element 
in nfi/w. If distu(/x, is) > 0, then lim^ (distc<nj n \(p n , u n )) = oo (and thus U E 
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y(fJ,, v) ). In particular the following holds. 

^ distu(/x,i/) = ^2 distu(/*,^) 

Proof. We establish the result by proving the contrapositive; thus we assume that 
lim w (dist cm») (Mnj < °°- Thcorcm l4.2l thcn implies that 7Ta/^tt(/x) and 7t^v|uu(i/) 
are in the same piece, hence distu(/-*, v) = 0. □ 

Wc are now ready to prove a distance formula in the asymptotic cones. 

Theorem 4.16 (distance formula for asymptotic cones). There is a constant E, 
depending only on the constant K used to define y(/j,,is), and on the complexity 
£(S), such that for every fi,i/ in AM 
(7) 

— diat AM (n, u)< ^2 distu(/i,iv)< ^ dist v (n,v)<Edist am if*,")- 
u&y(ji,v) uey{n,v) 

Proof. Let us prove by induction on the complexity of S that 

(8) distu(/x,/y) > — dist am it*,") 
v&y(ji,v) 

for some E > 1. Let fi, v be two distinct elements in AM. If M(S) is hyperbolic, 
then AM is a tree; hence there are no non-trivial subsets without cut-points and 
thus in this case we have dists = dists ■ This gives the base for the induction. 

We may assume that dists (a*, < ^dist am (fi, v). Otherwise we would have 
that dists (/x, v) > 0, which implies by Lemma f4. 151 that S £ y(fJ-, v), and wc would 
be done by choosing E = 3. 

Since dists (tz, v) is obtained from dist^x(Mj u ) by removing X^gj dist am (oti,Pi), 
where [a,,/3i],i £ I, arc all the non-trivial intersections of a geodesic [fi, v\ with 
pieces, it follows that there exists F C I finite such that YlieF ^ s ^AM( a ii Pi) > 
idist^7vi(/x, v). For simplicity assume that F = {1,2, ,..,m} and that the inter- 
sections [aj,/3i] appear on [/x, v\ in the increasing order of their index. According 
to Proposition 13.21 (Tj), the points ati,(3i also appear on any path joining fi, v. 
Therefore, without loss of generality, for the rest of the proof we will assume that 
[H, v\ is a hierarchy path, and [at , f3i] are sub-paths of it (this is a slight abuse of 
notation since hierarchy paths are not geodesies). By Theorem 14.21 for every i E F 
there exist [a-,/3-] C [a.;,/3i] with the following properties: 

• there exists a number s such that Vz = 1, ...,m 

distc(s) (a ■„,/?■„) < s w-almost surely; 

• E"=i dist AM (<*';, /3;) > ldist AM (n,u). 

Let I = m(s + 1). By Lemma \4. 101 there exists a sequence of proper subsurfaces 
Yi(n), Yi(n) of the form Yj(n) — S\Vj(n) with Vj(n) a vertex (curve) on the 
tight geodesic in C(S) shadowed by the hierarchy path \p n , v n ], such that w-almost 
surely: 

m ml 

(9) ^dist A4(s) (a- i „,/3^„) < ^ dist^^ („))(«*,„, A>) + Csm + Dm ■ 

i—1 i—1 j—1 
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Let Y j be the element in ILB/w given by the sequence of subsurfaces (Yj(n)). 
Rescaling © by passing to the w-limit and applying Lemma |2. II we deduce 
that 

1 m I 

(10) gdist^ (p, u) < CJ2 Yl dist ^ #) ' 

i=i j=\ 

As the complexity of Yj is smaller than the complexity of S, according to the 
induction hypothesis the second term in ([TO]) is at most 

m / 

CE T,J2 E diTtuK,^). 

i=i j=i uey(a;,3;),ucy, 

Lemma 14.121 implies that the non-zero terms in the latter sum correspond to 
subsurfaces U £ D^(Mj ")) an d that the sum is at most 

I 

CE Y1 E distu(M,")- 
i=i uey(/i,f),ucyj 

According to Lemmas 14. 1 51 and 12 . 1 81 for every U = (C/„) w £ 3^(m, there exists 
at least one and at most 3 vertices (curves) on the tight geodesic in C(S) shadowed 
by the hierarchy path [fi n ,v n ] which are disjoint from U n w-almost surely. In 
particular for every U £ y{n, v) there exist at most three j £ {1, 2, 1} such that 

U ^ Y i ■ _ 

Therefore the previous sum is at most 3CE X^ueyo u) distu(/*j We have 

thus obtained that idist^/^A*, i/) < 3Ci? Sueyfju v) distu(A*i u )- 
The inequality 

distu(/i, < ^ distu(At)^) 

immediately follows from the definition of dist. 
In remains to prove the inequality: 

(11) ^2 distu(M) v ) < Edist(fi, v). 

It suffices to prove (fTTj) for every possible finite sub-sum of the left hand side 
of (|11[) . Note that this would imply also that the set of U £ y(fi,i/) with 
distu (/z, i/) > is countable, since it implies that the set of U £ y(fi,v) with 
distu(M) l/ ) > t has cardinality at most kEdist(fi,v). 

Let Ui,...,U m be elements in y(fi,u) represented by sequences (Ui. n ) of large 
domains of hierarchy paths connecting [i n and v n , i = 1, ...,m. 

By definition, the sum 

(12) distux (ft, v) + ... + dist Um (ft, v) 
is equal to 

,, x ,. / dist 7W(c/i,„)(M™,^n)\ /dist^ (i7miri )(/i 

(13) lim - { 1 ) + - + hm - { t n ) 

= hm— [dist_ M((7l ii) (^ Il ,^„) + ... + dist M (u m , n )(Pn, v n )] ■ 
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According to the distance formula (Theorem I2.25[) . there exist constants a, b 
depending only on £(S) so that the following holds: 



(14) dist^ ((7l >n )(^ n ,i/„) + ... + dist_ M(c/m _ n) (/i„,zy n ) < a ^ b 

^ dist c(V )(/i„,z/„) + ... + ^ dist (y)(/i„,f„). 
VCt/i,„ vcu m>n 
Since each f/j „ is a large domain in the hierarchy connecting \i n and z/„, and 
since for each fixed n all of the Ui >n are different w-a.s. we can apply Lemma |2.20[ 
and conclude that each summand occurs in the right hand side of (|T4"|) at most 2£ 
times (where £ is denoting £(S)). Hence we can bound the right hand side of (fT4|) 
from above by 

2£ dist c(V)0 

2£dist_ M(s) (/i„,^„). 

yes 

Therefore the right hand side in (Tl"5|) does not exceed 

2£lim w (Jj-(adist M{s) (n n ,v n ) + b)j = 2a£ dist AM (fi, u) , 
proving (TTTj) . □ 



Notation: Let /x° be a fixed point in AM and for every U G LTfi/w let fj^j be the 
image of /x° by canonical projection on T\j. In Iluenfi/w -^u wc consider the sub- 
set Tq = |(a;u) € Iluenfi/w^u ; x\j 7^ for countably many U G IH3/cj|, and 

To = {(xu)er '; E ue nfi/^distu (^u,A*u) < °°}- We will always consider To 
endowed with the i 1 metric. 

The following is an immediate consequence of Theorem 14.161 and Lemma 14.151 

Corollary 4.17. Consider the map tp: AM — > riuenfi/w -^u whose components 
are the canonical projections of AM onto T\j . This map is a bi-Lipschitz homeo- 
morphism onto its image in To . 

Proposition 4.18. Let \) C AM denote the ultralimit of a sequence of quasi- 
geodesics in M each of which is C(U)-monotonic for every U C S with the quasi- 
geodesics and monotonicity constants are all uniform over the sequence. Then ip(fcf) 
is a geodesic in Ta- 
in particular, for any hierarchy path f) C AM, its image under tp is a geodesic 
in To- 

The first statement of this proposition is a direct consequence of the following 
lemma, which is an easy exercise in elementary topology. The second statement is 
a consequence of the first. 

Lemma 4.19. Let (Xj, distj)j £ j be a collection of metric spaces. Fix a point x = 
(xi) G Ilie/^j an d consider the subsets 

S = < (yi) G TT X{ : yi ^ x. L for countably many i G I > 
I iei J 
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and So = {(Vi) G S : Eje/dist, (yi,Xi) < 00} endowed with the i 1 distance dist = 

Let t) : [0, a] So be a non- degenerate parameterizations of a topological arc. 
For each i £ I assume that f) projects onto a geodesic t)i : [0, Ot] — > -Xj smc/i i/iai 
f)(0) projects onto f)i(0) and i/ie function tpi = dj(f)j(0), f)j(4)) : [0, a] — >• [0, aj] is a 
non- decreasing function. Then t)[0, a] is a geodesic in (So, dist). 

Notation: We write dist to denote the metric on To- We abuse notation slightly 
by also using dist to denote both its restriction to ip(AM) and for the metric on AM 
which is the pull-back via -0 of dist. We have that dist(/x, v) = J2ueue/u distu(Mj v ) 

for every n, u £ AM, and that dist is bi-Lipschitz equivalent to dist^^n , according 
to Theorem ETTol 

Note that the canonical map AM — > TluenB/w ^-(U), whose components are the 
canonical projections of AM onto C(U), ultralimit of complexes of curves, factors 
through the above bi-Lipschitz embedding. These maps were studied in |Beh04j . 
where among other things it was shown that this canonical map is not a bi-Lipschitz 
embedding (see also Remark |4~3| . 

4.2. Dimension of asymptotic cones of mapping class groups. 

Lemma 4.20. Let U and V be two elements in LTfi/o; such that either U, V overlap 
or U C V. Then Q(d\J) projects onto TV in a unique point. 

Proof. Indeed, <2(<9U) projects into Q(ttm^v(9^J)), which is contained in one piece 
of M U V, hence it projects onto one point in TV- D 

The following gives an asymptotic analogue of |Beh06| Theorem 4.4]. 

Theorem 4.21. Consider a pair U, V in ilfi/w. 

(1) If U l~l V = then the image of ^>u,v is Tu x TV- 

(2) If U and V overlap then the image of ipv.'v is 

(Tu x {u}) U {{v} x TV) , 

where u is the point in TV onto which projects Q(dXJ) and v is the point in 
Tu onto which projects Q(9V) (see Lemma \4-20\ l: 

(3) If U C V, u G TV is t/ie point onto which projects Q(i9U) and TV \ {u} = 
\_\ ieI Ci is the decomposition into connected components then the image of 
ipu.v is 

(Tux{«})U □({<*} xCi), 
iei 

where ti are points in T\j. 

Proof. Case (1) is obvious. We prove (2). Let fi be a point in AM whose 
projection on Tu is different from v. Then distu(/^, 9V) > which implies 
that Um w dist Q(u n \(fj, n , dV n ) = +00. Theorem 12.211 implies that w-almost surely 
distc(v„)(Mn) dU n ) < D. Hence 7r J vi^v(/^) and <2(7r»^v(<9U)) arc in the same 
piece of M U ~V, so fi projects on TV in u. The set of /j, in AM projecting on Tu in 
v contains Q(<9V), hence their projection on TV is surjective. 

We now prove (3). As before the set of fi projecting on TV in u contains Q(dXJ), 
hence it projects on Tu surjectively. 
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For every i £ I we choose /x; G AM whose projection on TV is in C%. Then every 
fi with projection on Tv in d has the property that any topological arc joining 
7i\M"v(m) to TTM^vifJ-i) does not intersect the piece containing Q(dXJ). Otherwise 
by property (T2) of tree-graded spaces the geodesic joining TrM^vin) to ^M-'viHi) 
in M^V would intersect the same piece, and since geodesies in M U ~V project onto 
geodesies in Tv |DS07| the geodesic in Tv joining the projections of /x and \ii would 
contain u. This would contradict the fact that both projections are in the same 
connected component C;. 

Take (/x„) representatives of /x and representatives of fii. The above and 
Lemma 12.181 imply that w-almost surely distc^ )(/•*«, aO — hence the projec- 
tions of /x and fii onto M^XJ are in the same piece. Therefore the projections of /x 
and fii onto Tu coincide. Thus all elements in Ci project in Tu in the same point 
ti which is the projection of /Xj. □ 

Remark 4.22. Note that in cases (2) and (3) the image of t/'u.v has dimension 1. 
In case (3) this is due to the Hurewicz-Morita-Nagami Theorem |Nag83[ Theorem 
III.6]. 

We shall need the following classical Dimension Theory result: 

Theorem 4.23 (|Eng95|). Let K be a compact metric space. If for every e > 
there exists an e-map f : K — > X (i.e. a continuous map with diameter of f -1 (x) 
at most e for every x € X) such that f(K) is of dimension at most n, then K has 
dimension at most n. 

We give another proof of the following theorem: 

Theorem 4.24 (Dimension Theorem |BM08| ). Every locally compact subset of 
every asymptotic cone of the mapping class group of a surface S has dimension at 
most £(«S). 

Proof. Since every subset of an asymptotic cone is itself a metric space, it is para- 
compact. This implies that every locally compact subset of the asymptotic cone is a 
free union of a-compact subspaces |Dug66[ Theorem 7.3, p. 241]. Thus, it suffices to 
prove that every compact subset in AM has dimension at most £,(S). Let K be such 
a compact subset. For simplicity we see it as a subset of ip{AM) C IIv<=n6/wTv. 

Fix e > 0. Let N be a finite f-net for (K, dist), i.e. a finite subset such that 
K = Uaejv ^dlit ( a ' !)• There exists a finite subset J t C LTB/w such that for every 
a,b e N, J2u$j e distu(a, b) < §. Then for every 2, y g A', J2vgj e distu(x, y) < 
e. In particular this implies that the projection irj e : Ilvgric/w^V —> IIve.7 e 2v 
restricted to K is an e-map. 

We now prove that for every finite subset J C Ilfi/w the projection ttj(K) has 
dimension at most £,(S), by induction on the cardinality of J. This will finish the 
proof, due to Theorem 14.231 

If the subsurfaces in J arc pairwisc disjoint then the cardinality of J is at most 
3.9 + P — 3 and thus the dimension bound follows. So, suppose we have a pair 
of subsurfaces U,V in J which are not disjoint: then they are either nested or 
overlapping. We deal with the two cases separately. 

Suppose U,V e J overlap. Then according to Theorem 14.2 1[ xjj-w(AM) is 
(Tu x {u}) U ({v} x Tv) , hence we can write K = K\j U xYv, where ir\jy{K\]) C 
Tu x {u} and 7r UlV (#v) C {v} x T v . Now nj(Ku) = nj\ {v} (Ku) x {u} C 
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7Tj\ruy(K) x {u}, which is of dimension at most £(<S) by induction hypothesis. 
Likewise 7rj(Av) = 7r n {v} (-KV) x { v } C 7Tj\{v}(A) x {v} is of dimension at most 
It follows that tvj(K) is of dimension at most £(S). 

Assume that U C V. Let u be the point in TV onto which projects <2(<9U) 
and Tv \ {u} = |_] ig /Ci the decomposition into connected components. By The- 
orem [47211 ik\j.y{AM) is (7\j x {u}) U Ui e /({ < i} x ^) , where U are points in 
Txj. We prove that ttj(K) is of dimension at most £(S) by means of Theorem 
14.231 Let 8 > 0. We shall construct a 2<5-map on ttj(K) with image of dimen- 
sion at most £,(S). Let N be a finite (5- net of (A, dist). There exist ii,...,i m m ^ 
such that rru.v 

(A) is contained in 1 = (T v x {«}) U |Jjli ({*<*} x The set 

x {u}) U|J igJ ({ii} x d) endowed with the £ 1 -metric is a tree and T is a subtree 
in it. We consider the nearest point retraction map 

retr : (T v X {u}) U \_\({U} x d) -> T 

iei 

which is moreover a contraction. This defines a contraction 

retr j : ipj(AM) — > ipj\{u,v}(AM) x T, retr,/ = id x retr. 

The set nj(K) splits as K% U if', where As = wj(K) n ^^(1) and if' is 
its complementary set. Every x € A"' has 7ru,v(^) in some x Ci with i € 
7\{ii, i m }. Since there exists n £ N such that x is at distance smaller than 5 from 
TTj(n), it follows that ttu,v(x) is at distance smaller than S from 1, hence at distance 
smaller that 5 from = retr (ttu,v(^))- We conclude that retr(7ru,v(A')) C 

{ti | £ S 1} X {u} n Tru(A') x {u}, hence retrj(A') C nj\^yy(K) x which is of 
dimension at most £(S) by the induction hypothesis. 

By definition retrj(Ax) = K%. The set K% splits as A'u LI \_\™ =1 Kj , where 
Au = irj(K) n 7T^v(Tu x {«}) and A, = tt^A) fl 7r^ v ({i,J X C h ). Now K v C 
7T./\{v}(A) x {m}, while Kj C 7rj\{u} W x {^} for J = 1> -, m , hence by the 
induction hypothesis they have dimension at most £,{S). Consequently A'x has 
dimension at most £(S). 

We have obtained that the map retr j restricted to ttj (A) is a 2(5-map with image 
K% U retr j (A') of dimension at most £(S). It follows that irj(K) is of dimension 
at most £(S). □ 

4.3. The median structure. More can be said about the structure of AM. en- 
dowed with dist. We recall that a median space is a metric space for which, given 
any triple of points, there exists a unique median point, that is a point which is si- 
multaneously between any two points in that triple. A point x is said to be between 
two other points a, b in a metric space {X, dist) if dist(a, x) + dist(x, b) = dist(a, b). 
See [CDH] for details. 

Theorem 4.25. The asymptotic cone AM endowed with the metric dist is a 
median space. Moreover hierarchy paths (i.e. ultralimits of hierarchy paths) are 
geodesies in (.4.M,dist). 

The second statement follows from Proposition 14.181 Note that the first state- 
ment is equivalent to that of ip(AM) being a median subspace of the median space 
(To, dist). The proof is done in several steps. 
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Lemma 4.26. Let v in AM and A = (A n ) w } where A n is a multicurve. Let v' be 
the projection of u on Q(A). Then for every subsurface U such that U tf\ A (i.e., 
U does not overlap A) the distance distu(f, v') = 0. 

Proof. The projection of v on Q(A) is defined as limit of projections described in 
Scction l2.5.2l Since U $ A the subsurface U = is contained in a component, 

V = {V n ) u , ofS\A= (S\ A„) w . The marking i/ , by construction, does not differ 
from the intersection of v n with V^, and since U n C the same is true for f/ n , 
hence distcrm)^,!^) = 0(1). On the other hand, if distu(f, v') > then by 
Lemma T4. 151 lira. , dist^rr j (tA,. i^J = +oo, whence a contradiction. □ 

Lemma 4.27. Let v = lim w (z/ n ) and p = lim w (p n ) be two points in AM, let 
A = (A n ) w , where A n is a multicurve, and let v' ,p' be the respective projections 
ofv, p on Q(A). Assume there exist Ui = (U^ , Ufc = (U^) u subsurfaces such 
that A n = dUn U ... U dU*, and distcm* )( L 'n> Pn) > M oj-almost surely for every 
i = 1, k, where M is the constant in Lemma \2.18\ 

Then for every f)i ; t)2 and f)3 hierarchy paths joining v, v' respectively v' ', p' and 
p' , p, the path f)i U f)2 U f)3 is a geodesic in (AM, dist). 

Proof. Let V e nfi/w be an arbitrary subsurface. According to Lemma 14. 121 
i/>v(f)i), i = 1,2, 3, is a geodesic in TV- We shall prove that ipv(i)i U f) 2 U f) 3 ) is a 
geodesic in TV- 

There are two cases: either V tf\ A (i.e., V docs not overlap A) or V rh A (i.e., 

V overlaps A). In the first case, by Lemma [426] the projections V'v(f)i) and Vv(f)3) 
are singletons, and there is nothing to prove. 

Assume now that V rh A. Then V rh dXJi for some i G {1, k}. 
We have that w-almost surely 

distc (i 7 n )(z/,/4) < dist c(c/n) (i/' A„) + dist c{Un) (p' n , A n ) = 0(1). 

Lemma [4.151 then implies that distu(f', p') = 0. Hence, ipv(t)2) reduces to a 
singleton x which is the projection onto XV of both Q(A) and Q(9Uj). It remains 
to prove that V'v(f)i) an d i>vQ)3) have in common only x. Assume on the contrary 
that they are two geodesic with a common non-trivial sub-geodesic containing x. 
Then the geodesic in TV joining ijrv(y) and ip~v{p) does not contain x. On the 
other hand, by hypothesis and Lemma 12.181 any hierarchy path joining u and p 
contains a point in Q(dUi). Lemma 14.121 implies that the geodesic in TV joining 
i})v(v) and tp-v(p) contains x, yielding a contradiction. 

Thus ?/>v(f)i) H ^v(f)3) = {%} and U f) 2 U ti 3 ) is a geodesic in Tv also in 

this case. 

Wc proved that ?/V(f)i U 1)2 U ((3) is a geodesic in Tv for every V e LTfi/w. This 
implies that t)i fl l) 2 = {1/} and f) 2 fl fi 3 = and that f)i PI ^3 = if f)2 is non- 

trivial, while if f) 2 reduces to a singleton v 1 , f)i n f)3 = {f'}. Indeed if for instance 
t)i n f)2 contained a point p ^ v' then dist(/x, 1/) > whence distv(A*j v ') > 
for some subsurface V. It would follow that ^v(f)i), VvOta) have in common a 
non-trivial sub-geodesic, contradicting the proven statement. 

Also, if f)i D f)3 contains a point p 7^ v' then for some subsurface V such that 
Vn A ^ 0, distvQu, v') > 0. Since dist v (^', p') = it follows that dist v (p, p') > 
and that ipv(fyi LI t) 2 LI (13) is not a geodesic in Tv- A similar contradiction occurs 
if p 7^ p' . Therefore if p, is a point in f)i PI f)3, then we must have p = u' = p' , 
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in particular f)2 reduces to a point, which is the only point that t)i and t)3 have in 
common. 

Thus in all cases f)i U f)2 U f)3 is a topological arc. Since t)i for i = 1,2, 3, each 
satisfy the hypotheses of Lemma [4.181 and for every V £ Llfi/w, ipvOli LJ f)2 LJ f)3) is 
a geodesic in TV, it follows that IjiU^U f)3 also satisfies the hypotheses of Lemma 
14.181 We may therefore conclude that (jiU^U f)3 is a geodesic in (AM, dist). □ 

Definition 4.28. A point p in AM is between the points i>, p in AM if for every 
U G LTfi/w the projection ip\j(p) is in the geodesic joining iji\j(v) and V'u(p) in Tu 
(possibly identical to one of its endpoints). 

Lemma 4.29. For every triple of points u,p,cr in AM, every choice of a pair 
i>,p in the triple and every finite subset F in LTfi/u; of pairwise disjoint subsur- 
faces there exists a point p between v,p such that if)p(p,) is the median point of 
%j} F {y),%l) F {p),^ F (&) in ]lueF T u- 

Proof. Let F = {Ui, ...,Ufc}, where Uj = (U^ . We argue by induction on k. If 
k = 1 then the statement follows immediately from Lemma T4. 121 We assume that 
the statement is true for all i < k, where k > 2, and we prove it for k. 

We consider the multicurve A„ = dU^U ■ ■ - UdU^. We denote the set {1, 2, k} 
by /. If for some i € I, distu ; iy, p) — then the median point of (u), ipu i (p), 
ipu^a) is ipu^v) = ipjj^p). By the induction hypothesis there exists p between 
v, p such that ipFXii}^) is the median point of ipF\U] 4 , f\{i}(p)^ i ) F\{i}i (T )- 
Since tpjj i (p) = i/'U; (v) = V'Ui (p) it follows that the desired statement holds not 
just for F \ {i}, but for all of F as well. 

Assume now that for all i € I, distu ; (v, p) > 0. Lemma 14.151 implies that 
lima, dist c(c/ i ) (^„, / 9„) = oo. 

Let v',p',cr' be the respective projections of v,p,<j onto <2(A), where A = 
(A n ) w . According to Lemma [4.261 distu; (v, f 1 ) = distui(p, p') = distu; (er, er') = 
for every i € I, whence ij)F(v) = i/jf^'), t I j f(p) = ^f(p'),^f(ct) = ^f(^')- 
This and Lemma [4.271 imply that it suffices to prove the statement for u',p',cr'. 
Thus, without loss of generality we may assume that u,p,cr are in Q(A). Also 
without loss of generality we may assume that {U^, U%, U%} are all the connected 
components of S \ A n and all the annuli with core curves in A„. If not, we may 
add the missing subsurfaces. 

For every i £ I we consider the projections v l n , p % n of v n and, respectively, p n on 
M(U^). Let g l n be a hierarchy path in M(U^) joining v l n , p l n and let Q l = lim w (g^) 
be the limit hierarchy path in M(XJi). According to Lemma r4.12i for every i E I 
there exists p l n on such that p 1 — lim^ (p l n ) projects on T\j t on the median 
point of the projections of v, p, <x. Let p l n and q l n be the subpaths of g % n preceding 
and respectively succeeding p l n on q\, and let p l = lim u (p l n ) and q 1 = lim w (q l n ) 
be the limit hierarchy paths in M(Ui). 

Let p\ be a path in M(S) which starts at v n and then continues on a path ob- 
tained by markings whose restriction to U™ are given by p^ and in the complement 
of Z7" are given by the restriction of v n . Continue this path by concatenating a 
path, p\, obtained by starting from the terminal point of p\ and then continuing 
by markings which are all the same in the complement of U% while their restriction 
to 11% are given by p^. Similarly, we obtain p J n is from p^ _1 for any j < k. Note 
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that for any 1 < j < k and any i ^ j, the path p J n restricted to U n is constant. 
Note that the starting point of p„ U • • • U p k n is v n and the terminal point is the 
marking fi n with the property that it projects on M(U n ) in ji % n for every i £ /. 
Now consider q* the path with starting point /i„ obtained following q* (and keeping 
the projections onto with i £ I \ {1} unchanged), then q^,... q„ constructed 
such that the starting point of q^ is the terminal point of q^ _1 , and q 3 n is obtained 
following c\ J n (and keeping the projections onto U„ with i £ I \ {j} unchanged). 

Let pi = lim w (p^) and q J = lim w (<j£). We prove that for every subsurface 
V = (Vn)" the path = p 1 U • • • U p k U q 1 U • • • U q k projects onto a geodesic in 
Tv- For any i ^ j, we have that p n U q n and p J n Uq J n have disjoint support. Hence 
for each i £ I we have that the restriction to U n of the entire path is the same as 
the restriction to XJ % n of p l n U q\ . Since the latter is by construction the hierarchy 
path g l n , if V C U.; for some i £ I, then it follows from Lemma f4. 181 that f) projects 
to a geodesic in Ty. If V is disjoint from Ui then all the markings composing 
\)' n have the same intersection with V n , whence the diameter of t) n with respect to 
dist(7(y ji ) must be uniformly bounded. This and Lemma 14.151 implies that ipv(i)') 
is a singleton. Lastly, if V contains or overlaps U^, then since all the markings 
in \\' n contain d\J % n the diameter of f) n with respect to distp^) must be uniformly 
bounded, leading again to the conclusion that ^vC)') is a singleton. Thus, the only 
case when is not a singleton is when V C U.j. 

Now let V denote an arbitrary subsurface. If it is not contained in any U; then 
"0v(f)) is a singleton. The other situation is when V is contained in some U^, hence 
disjoint from all Uf with j ^ i. Then ^v(fj) = Vv^Uq*) = ^(j^Uq*') = ip^itf), 
which is a geodesic. Note that in the last two inequalities the map ^£> v is the natural 
projection of M(XJi) onto Tv which exists when VCUj. 

Thus we have shown that fj projects onto a geodesic in T-y for every V, whence 
fi is between u, p. By construction, for every i £ I, ipu^p) is the median point of 
'0Ui( I/ );'0Ui(p)j' ! /'Ui( cr )j equivalently tPf(p) is the median point of tppiy), iPf(p), 
<M<t) in IlueF^u- □ 

We now generalize the last lemma by removing the hypothesis that the subsur- 
faces are disjoint. 

Lemma 4.30. For every triple of points v , p, u in AM, every choice of a pair v, p 
in the triple and every finite subset F in ilfi/w there exists a point p in AM between 
v,p such that ipF (m) is the median point of iI)f{i'),'4 ) f(p)t4'f{(^) in IlueF^u- 

Proof. We prove the statement by induction on the cardinality of F. When card F = 
1 it follows from Lemma 14.121 Assume that it is true whenever card F < k and 
consider F of cardinality k > 2. If the subsurfaces in F arc pairwisc disjoint then we 
can apply Lcmma r4.291 hence we may assume that there exists a pair of subsurfaces 
U, V in F which either overlap or are nested. 

First, assume that U, V overlap. Then ^u,V is equal to (Tjj x {u})U({w} x Tv), 
by Theorem 14.211 We write v\j v to denote the image ^uyiy) and let V \J and 
denote its coordinates (i.e. - i/'u( l/ ) an d V'v(i y ))- We use similar notations for 
p.cr. If the median point of v u.v, Pu,v, ""u,v is not (v,u) then it is either some 
point (x, u) with x £Tu\ {v}, or (v, y) with y £ Ty \ {u}. In the first case, by the 
induction hypothesis, there exists a point p\ between v, p such that V'F\{v}(A t i) is 
the median point of V , f\{v}(^))^f\{v}(p);'0.f\{v}(< t )- In particular, ipu(p) = x, 
hence Vu,v(m) is a point in (T\j x {«}) U ({v} x Tv) having the first coordinate 
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x. Since there exists only one such point, (x, u), it follows that ip-v(p) = u. Thus, 
for every Y G F, the point i/H^p) is the median point in Ty of ^y(&0, Vy(p) and 
Vy(c)- This is equivalent to the fact that ^>f(p) is the median point in TJ Y 
of ippiy), ipp[p) and ^f(c)- A similar argument works when the median point of 
»Aj,v, Pu.v, cu.v is a point (v, y) with y G T v \ {u}. 

Hence, we may assume that the median point of t'u.Vj Pu.Vi ^u.v is (v,u). 
Let pi be a point between u, p such that ^f\{v}(Pi) is the median point of 
4 , f\{v}( 1/ )-, ipF\{v}(p), '4>f\{~v}( (T ), and let pi be a point between u, p such that 
?/>f\{u}(p) is the median point of V'f\{u}( 1/ ); '0f\{u}(p)i V'f \{u}(°0- In particular 
V>u,v(Pi) = (^j y) with y G TV and V'u,v(P2) = u) with a; € T\j. Any hierarchy 
path joining p\ and P2 is mapped by ipu^v onto a path joining (v,y) and 
in (Tjj x {it}) U ({u} x Tv) . Therefore it contains a point p such that ipu.v(p) 
is (w, u). According to Lemma [4.121 p is between pi and P2, hence it is between 
v and p, moreover for every Y e F \ {U, V}, V'y(p) = ?Ay(Pi) = ^(^2), and 
it is the median point in Ty of t/'y^), "0y(p) and ^y(<t). This and the fact that 
■0u, v (p) = (w, m) is the median point of fu.v, Pu,v and <xu,v finish the argument 
in this case. 

We now consider the case that U C V. Let u be the point in Ty which is the 
projection of Q(dXJ) and let Tv\{it} = Ci be the decomposition into connected 
components. By Theorem 14. 2 1[ the image of V'u.v is (7u x {u}) U x 
where ti are points in T\j. If the median point of «-'u,v, Pu,v and cru.v is not in 
the set {(ti,u) | i G /}, then we are done as in the previous case using the induction 
hypothesis as well as the fact that for such points there are no other points having 
the same first coordinate or the same second coordinate. 

Thus, we may assume that the median point of fu,v, Pu,v and crjjy is [U,u) 
for some i € I. Let p\ be a point between u , p such that ipF\{v} (Pi) is the median 
point of ipF\{v}( l/ ),'4 , F\{\'}(p),' l pF\{v}{ (T )j and let P2 be a point between 
such that ipF\{u}(p) is the median point of ^'f^u}^^ "0f\{u}(p): ^f\{u} ("')• hi 
particular V'u.v(pi) = (ii, 2/) with y G Ci and V'u.v(P2) = u) with x G T\j. Any 
hierarchy path joining pi and P2 is mapped by V'u.v onto a path joining (ti, y) and 
(x,u) in (T\j x {u}) U Uig/({^} x ^»)- ^ contains a point /x such that ipu t v(p) is 
u). By Lemma l4.12| the point p is between /xi and P2, hence in particular it is 
between v and p. Moreover, for every Y G F\{U, V}, ?/>y(p) = "0y(Pi) = ?/'y(P2) 
and hence p is the median point in Ty of t/y^), "0y(p) and V>y (<?")• This and the 
fact that f/'u,v(p) = (ti,u) is the median point of fu,v, Pu,v and uuy finish the 
argument. □ 

Proof of Theorem \4-25\ Consider an arbitrary triple of points v, p, a in AM. For 
every e > there exists a finite subset F in nfi/w such that X)uenfi/w\F distu(tt, b) < 
e for every a, b in {i/,p, <r}. By Lemma [4.301 there exists p in AM between v,p 
such that "0f(p) is the median point of 'iPf{i / ),iPf{p),'4 , f{0') in riueF^u- The 
latter implies that for every a, b in \v, p, cr}, 

^ distu(a, b) = distu(a,p) + distu(p, b) • 
usf uef ueF 

Also, since p is between v,p it follows that 

distu(i^,p) < e and ^ distu(p, p) < e, 

uenfi/w\F uenB/w\F 
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whence 

distu (Mj c) < 2e . 

uenB/w\F 

It follows that for every a, b in {v, p, er}, 

distu (a, n) + ^ distu (m, 6) < distu (a, b) + 3e . 

uene/w uens/u uene/w 

That is, dist(a,/ti) + dist(/x, b) < dist(a, 6) + 3e . This and jCDHl Section 2.3] 
imply that i])(n) is at distance at most 5e from the median point of tj}(v), ip(p), 4'( <T ) 
in 7o- 

We have thus proved that for every e > there exists a point VKm) in ^(AM) 
at distance at most 5e from the median point of ip(v) , tjj(p) , ip(cr) in To- Now the 
asymptotic cone AM is a complete metric space with the metric dist_4» , hence the 
bi-Lipschitz equivalent metric space ip(AM) with the metric dist is also complete. 
Since it is a subspace in the complete metric space To, it follows that if) (AM) is 
a closed subset in To- We may then conclude that ip(AM) contains the unique 
median point of ip(v), ip(p), ip(<r) in To- □ 

5. Actions on asymptotic cones of mapping class groups and splitting 
5.1. Pieces of the asymptotic cone. 

Lemma 5.1. Let lim w (/j, n ) , lim w (n' n ) , lim w (v n ) , lim w (i/' n ) be sequences of points 
in M(S) for which lim w dist M ^(fi n , v n ) = oo. For every M > 2K(S), where K(S) 
is the constant in Theorem \2.25\ there exists a positive constant C = C(M) < 1 so 
that if 

dist A 4( S )(/i„,^ l ) + dist M{s) (v n ,v' n ) < Cdist M (s)(nn, v n ) , 
then there exists a sequence of subsurfaces Y n C S such that for u-a.e. n both 
dist C (Y-„) (Mrn^n) > M and dist C (y n )(/4, K) > M - 
Proof. Assume that w-almost surely the sets of subsurfaces 

y n = {Y n | dist C (y„)(Mn,^n) > 2M} and Z n = {Z n | dist C (^ n )«,0 > M} 

are disjoint. Then for every Y n £ y n , distc(K„) (m« j < which by the triangle 
inequality implies that dist C (Y n )(t l n, fjt' n ) + distc(Y n )(" n ,v' n ) > distc(y n ) (fJ-n, v n ) ~ 
M > idist c( y n) (/i„,zy„) > M. Hence either dist C (Y n ) (Mm Mn) or dist C(Y n )( t V l , ^4) 
is larger than M/2 > K(S). Let a, & be the constants appearing in for K = 
M/2, and let A,B be the constants appearing in the same formula for K' = 2M. 
According to the above we may then write 

distM(S)(Mn,Mn) + dist M ( S) (is n , v' n ) > Q , 6 2J {{ dist c(y)(Mn I Mn)}} if + 

^ {{dist C(Y) (^„,^)}} A , > ^ A{st C(Y)(^n,Vn)>A,B^dist M{S )(^n,Vn) ■ 

The coefficient | is accounted for by the case when one of the two distances 
distc(y ri )(/x n , fi' n ) and distc(Y n )( v n,v' n ) is larger than K = M/2 while the other is 
not. 

When C is small enough we thus obtain a contradiction of the hypothesis, hence 
w-almost surely y n H Z n ^ □ 
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Definition 5.2. For any g = (g n ) u g M(S)% let us denote by U(g) the set of 
points h g AM such that for some representative (/i n ) w € of ft,, 

limdist C (5)(/i n ,g„) < oo. 

The set U(g) is called the g-interior. This set is non-empty since g G U(g). 

Lemma 5.3. Lei P be a piece in AM = Con LJ (A^(S'); (d„)). Lei x,y be distinct 
points in P. Then there exists g = (g n ) u G M.(S)% such that U{g) C P; moreover 
the intersection of any hierarchy path [x,y] with U(g) contains [x,y] \ {x, y}. 

Proof. Consider arbitrary representatives (x n ) u , (j/n) w of x and respectively y, and 
let [x, y) be the limit of a sequence of hierarchy paths [x n ,y n ]. Since x,y G P, there 
exist sequences of points x(k) = lim u (x n (k)) ,y(k) = lim^ (y n (kj), x n (k),y n (k) G 
[^rnZ/n] an d a sequence of numbers C(k) > such that for w-almost every n we 
have: 

dist c(S )(a; n (fc), y n {k)) < C{k) 

and 

ri - dist M{s) (x n (k),x n ) < 

1 J dist A , (s) ( y »(fc),; /t o< rf - dist r (x - y) - 

Let [x„(fc), y„(fc)] be the subpath of [a; n ,y„] connecting x n {k) and y n (k). Let 
5„ be the midpoint of [x„(n), y„(n)]. Then lim w (g n ) G Let g = (g n y G 

A^(S')^. Let us prove that U(g) is contained in P. 

Since x,y g P, it is enough to show that any point z = lim w (z„) from U(g) 
is in the same piece with x and in the same piece with y (because distinct pieces 
cannot have two points in common). 

By the definition of U(g), we can assume that w-a.s. diste(,s)(z n , <7 n ) < C\ for 
some constant C\. For every k > 0, distcrs){ x n(k),y n (k)) < C(k), so 

dist C (s)(x„(fc),z„),dist c(S )(y„(fc),z„) < C(k)+C\ 

w-a.s. By (JTSJ) and Theorem 14.21 x = lim^ (x n ) ,z = lim w (z n ) ,y = lim^ (y n ) are 
in the same piece. 

Note that lim^ (x n (k)) and lim w (y n (k)) are in J7(g) for every fc. Now let 
(x' n ) u , (y' n ) u be other representatives of x, y, and let x' n (k) , y' n (k) be chosen as 
above on a sequence of hierarchy paths [x^,y^]. Let g' = (g' n ) u , where g' n is the 
point in the middle of the hierarchy path [a4,y^]. We show that U(g') = U(g). 
Indeed, the sequence of quadruples x n (k),y n (k),y' n (k),x' n (k) satisfies the condi- 
tions of Lemma 1 5. II for large enough k. Therefore the subpaths [x n (k),y n (k)] and 
[x' n (k) , y' n (k)] share a large domain w-a.s. Since the entrance points of these sub- 
paths in this domain are at a uniformly bounded C(S')-distance, the same holds for 
g n , g' n . Hence U(g') = U(g). This completes the proof of the lemma. □ 



Lemma 15.31 shows that for every two points x,y in a piece P of AM, there 
exists an interior U (g) depending only on these points and contained in P. We 
shall denote U(g) by U(x,y). 

Lemma 5.4. Let x, y, z be three different points in a piece P C AM. Then 

U(x,y) = U(y,z) = U(x,z). 
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Proof. Let (cc„) w , (y n ) u , { z n) u be representatives of x, y, z. Choose hierarchy paths 
[xn,y n ],[yn,Zn],[xn,Zn]. By Theorem [2J25J the hierarchy path {x n ,y n } shares a 
large domain with either [x n ,z n ] or [y n ,z n ] for all n w-a.s. By Lemma 15.31 then 
U(x,y) coincides cither with U(x,z) or with U(y,z). Repeating the argument 
with [x, y] replaced either by [y, z] or by [x, z], wc conclude that all three interiors 
coincide. □ 

Proposition 5.5. Every piece P of the asymptotic cone AM contains a unique 
interior U{g), and P is the closure ofU(g). 

Proof. Let U (g) and U(g') be two interiors inside P. Let x, y be two distinct points 
in U(g), z,t be two distinct points in U(g'). If y ^ z we apply Lemma T5. 41 to the 
triples (x,y,z) and (y,z,t), and conclude that U(g) = U(g'). If y = z wc apply 
Lemma [5.41 to the triple (x,y,t). The fact that the closure of U(g) is P follows 
from Lemma 15.31 □ 

5.2. Actions and splittings. We recall a theorem proved by V. Guirardel in 
[Gui05| . that we will use in the sequel. 

Definition 5.6. The height of an arc in an R-tree with respect to the action of a 
group G on it is the maximal length of a decreasing chain of sub-arcs with distinct 
stabilizers. If the height of an arc is zero then it follows that all sub-arcs of it have 
the same stabilizer. In this case the arc is called stable. 

The tree T is of finite height with respect to the action of some group G if any 
arc of it can be covered by finitely many arcs with finite height. If the action is 
minimal and G is finitely generated then this condition is equivalent to the fact 
that there exists a finite collection of arcs X of finite height such that any arc is 
covered by finitely many translates of arcs in I |Gui05] . 

Theorem 5.7 (Guirardel [Gui05] ). Let A be a finitely generated group and let T 
be a real tree on which A acts minimally and with finite height. Suppose that the 
stabilizer of any non-stable arc in T is finitely generated. 
Then one of the following three situations occurs: 

(1) A splits over the stabilizer of a non-stable arc or over the stabilizer of a 
tripod; 

(2) A splits over a virtually cyclic extension of the stabilizer of a stable arc; 

(3) T is a line and A has a subgroup of index at most 2 that is the extension 
of the kernel of that action by a finitely generated free abelian group. 

In some cases stability and finite height follow from the algebraic structure of 
stabilizers of arcs, as the next lemma shows. 

Lemma 5.8. fDSQZ] j Let G be a finitely generated group acting on an M-tree T 
with finite of size at most D tripod stabilizers, and (finite of size at most D)-by- 
abelian arc stabilizers, for some constant D . Then 

(1) an arc with stabilizer of size > (D + 1)! is stable; 

(2) every arc of T is of finite height (and so the action is of finite height and 
stable). 



We also recall the following two well known results due to Bcstvina ( |Bes88j . 
|Bes02j ) and Paulin jPau88j . 
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Lemma 5.9. Let A and G be two finitely generated groups, let A = A^ 1 be a finite 
set generating A and let dist be a word metric on G. Given <j) n : A — > G an infinite 
sequence of homomorphisms, one can associate to it a sequence of positive integers 
defined by 

(16) d n = inf sup dist(0 n (a)x, x) . 

If (</>„) are pairwise non-conjugate in T then lim Il _ i . 0O d n = oo. 

Remark 5.10. For every n £ N, 4 = dist(0 n (a n )x„, x n ) for some x n £ T and 
a n £ A. 

Consider an arbitrary ultrafilter u. According to Remark [5.10[ there exists a £ A 
and x n £ G such that d n = dist((f>„(a)x n , x n ) w-a.s. 

Lemma 5.11. Under the assumptions of Lemma \5.9l the group A acts on the 
asymptotic cone K,^ — Con^G; (x n ), (d n )) by isometries, without a global fixed 
point, as follows: 

(17) g ■ lim w (x n ) = lim w (c/) n (g)x n ) . 

This defines a homomorphism cf) u from A to the group x uj (IIiT/uj)(x lj )^ 1 of 
isometries of K, u . 

Let S be a surface of complexity £,(S). When £(S) < 1 the mapping class 
group AACQ{S) is hyperbolic and the well-known theory on homomorphisms into 
hyperbolic groups can be applied (see for instance |Bes88| . |Pau88| . |Bes02| and 
references therein) . Therefore we adopt the following convention for the rest of this 
section. 

Convention 5.12. In what follows we assume that £(S) > 2. 

Proposition 5.13. Suppose that a finitely generated group A = (A) has infinitely 
many homomorphisms (f>„ into a mapping class group MCQ(S), which are pairwise 
non- conjugate in AACQ{S). Let 

(18) d n = inf sup dist (6 n (a)ii, fx) , 

and let \x n be the point in M(S) where the above infimum is attained. 
Then one of the following two situations occurs: 

(1) either the sequence (<j) n ) defines a non-trivial action of A on an asymptotic 
cone of the complex of curves Con"(C(5); (7™), (in)), 

(2) or the action by isometries, without a global fixed point, of A on the asymp- 
totic cone Con" (A4(S)] (// n ), {d n )) defined as in Lemma \5.11\ fixes a piece 
set-wise. 

Proof. Let £ n = inf 7eC (s) sup ag ^ distc(g)(0 n (a)7, 7). As before, there exists bo £ A 
and 7„ £ C(S) such that £ n = dist c(5 ) (^„(6 )7„, 7„) w-a.s. 

If lim w l n = +00 then the sequence (4> n ) dchnes a non-trivial action of A on 

Con u (C(5);(7„),(4)). 

Assume now that there exists M such that for every b £ A, distcrs) {<t>n{b)"in, In) < 
M w-almost surely. This implies that for every g £ A there exists M g such that 
dist C ( S )(0„(.g)7„,7„) < M g w-almost surely. 
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Consider p! n the projection of /j, n onto Q(y n )- A hierarchy path [p, n , p' n ] shadows 
a tight geodesic Q n joining a curve in base(/x„) to a curve in base(/4J, the latter 
curve being at 0(5)-distance 1 from j n . If the cj-limit of the C(5)-distance from 
fi n to n' n is finite then in follows that for every b £ A, dist C (s) {4> n (b)(i n , = 0(1) 
w-almost surely. Then the action of A on Con w (A4(S); [p n ), (d n )) defined by the 
sequence (4> n ) preserves J7((/K n )^), which is the interior of a piece, hence it fixes a 
piece set-wise. Therefore in what follows we assume that the w-limit of the 0(5)- 
distance from /i„ to fi' n is infinite. 

Let b be an arbitrary element in the set of generators A. Consider a hierarchy 
path [^ n ,4>n{b)^n]- Consider the Gromov product 

T n(b) = 2 [dist C (,s)(i"n,/4J +dist c(s . ) (pt n ,0„(%„) -dist c( s)(/i^,^ n (6)M„)] , 

and r„ = max be ,4 T n (b). 

The geometry of quadrangles in hyperbolic geodesic spaces combined with the 
fact that dist C (5) (p-' n , 0ri(fr)Mn) ^ M implies that: 

• every element v n on [/i n ,/iJJ which is at 0(5) distance at least r n (b) from 
fi n is at C(5)-distance O(l) from an element v' n on [<p n (b)n n , <fi n (b)fj,' n ] ; 



it follows that distc(s)(^, <f> n (b)fj,' n ) = distc(s)(fn, a4) + 0(1), therefore 
dist c(S )(t' I ' l ,0„(&)^„) = 0(1) and dist C (s)(i/ re , </>„(&) z/„) = 0(1); 

• the element /o n (6) which is at (7(5) distance r„(&) from /i„ is at (7(5)- 
distance O(l) also from an element /o''(fr) on [/i n , <fi n (b)fj, n }. 
We have thus obtained that for every element v n on [jj, n ,n' n ] which is at C(S) 
distance at least r„ from /i n , distc(g) (y n , <j} n (b)v n ) = 0(1) for every b € B and 
w-almost every n. In particular this holds for the point p n on [/U n ,/z^] which is at 
0(5) distance t„ from p ra . Let a € A be such that r„(a) = r„ and p„ = p n (a), 
and let p" = /0^(a) be the point on [yx n , 4> n (a)p n ] at 0(5)-distancc O(l) from 
p„(a). It follows that dist£(s)(p^, <j) n (b)p'^) = O(l) for every b G B and w-almost 
every n. Moreover, since p" is a point on \p, n , 0„(a)/i„], its limit is a point in 
Con"(.M (5); (/i n ), (d„)). It follows that the action of A on Con u (M{S); (/i„), (d n )) 
defined by the sequence (cj> n ) preserves £7((/o") w ), which is the interior of a piece, 
hence it fixes a piece set-wise. □ 

Lemma 5.14. Let-y and~y' be two distinct points in an asymptotic cone of the com- 
plex of curves Con w (C(5); (7„), (d„)). The stabilizer stab (7, 7') in the ultrapower 
MCQ(S) U ' is the extension of a finite subgroup of cardinality at most N = N(S) by 
an abelian group. 

Proof. Let q„ be a geodesic joining 7„ and y' n and let x n ,y n be points at distance 
ed n from j n and 7^ respectively, where e > is small enough. 
Let g = (gn)^ be an element in stab(7,7'). Then 



satisfies S n (g) — o(d n ). 

Since C(5) is a Gromov hyperbolic space it follows that the sub-geodesic of q„ 
with endpoints x n , y n is contained in a finite radius tubular neighborhood of g n c\ n - 
Since x n is w-almost surely at distance O(l) from a point x' n on g n q n , define t x {gn) 
as (— l) e distc(s)(x n , g n Xn), where e ~ if x' n is nearer to g n p n than g n x n and e = 1 
otherwise. 



<5n(g) = max(dist c(S )(7r l ,5n7n) , dist(7 r ' l ,5„7^)) 
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Let £ x - stab(/U, v) — > UR/w defined by £ x (g) = {£ x {gn)Y ■ It is easy to see that 
£ x is a quasi-morphism, that is 

(19) %{gh)-£ x {g)-l x {h)\< u O{l). 
It follows that |4 (\g, h})\ < w 0(1) . 

The above and a similar argument for y n imply that for every commutator, c = 
lim^ (c„), in the stabilizer of fx and i>, diste(s)(x„, c n x n ) and distc(s) (y n , c n y n ) are 
at most O(l). Lemma [2Jl together with Bowditch's acylindricity result |Bow| The- 
orem 1.3] imply that the set of commutators of stab(/it, u) has uniformly bounded 
cardinality, say, N. Then any finitely generated subgroup G of stab(/i, u) has con- 
jugacy classes of cardinality at most N, i.e. G is an FC-group }Neu51j . By |Neu51] , 
the set of all torsion elements of G is finite, and the derived subgroup of G is finite 
of cardinality < N(S) (by Lemma |2T3|) . 

□ 

Lemma 5.15. Let a,(3,-y be the vertices of a non-trivial tripod in an asymptotic 
cone of the complex of curves Con" (C(S); (jn), (d n )). The stabilizer stab(a, /3, 7) 
in the ultrapower M.CQ{S) U is a finite subgroup of cardinality at most N = N(S). 

Proof. Since C(S) is 5-hyperbolic, for every a > there exists b > such that for any 
triple of points x,y, z € C(S) the intersection of the three a-tubular neighborhoods 
of geodesies [x, y], [y, z], and [z, a] is a set C Q (x, y, z) of diameter at most b. 
Let g = (g n ) u be an element in stab(a, (3, 7). Then 

^n(g) = max(dist^^5j (tt n , y n (x n ) , dist(/9 n ,5„^„) , dist(7„,5„7„)) 

satisfies S n (g) = o(d n ). While, the distance between each pair of points among 
a n ,P n , and 7„ is at least Xd n for some A > 0. It follows that if (x n ,y n ) is any of 
the pairs («„,/?„), (a„,7„), (7 ra ,/3„), then away from a o(d ra )-neighborhood of the 
endpoints the two geodesies [x n ,y n ] and [g n x n , g n y n ] are uniformly Hausdorff close. 
This in particular implies that away from a o(d n )-neighborhood of the endpoints, 
the a-tubular neighborhood of \g n x n , g n y n ] is contained in the A-tubular neighbor- 
hood of [x n ,y n ] for some A > a. Since a, f3, 7 are the vertices of a non-trivial tripod, 
for any a > 0, C a (a n , fin, 7n) is w-almost surely disjoint of o(d„ )-ncighborhoods of 
a n ,0n, In- The same holds for ga,g(3,g~/. It follows that C a (g„a„, g n f3 n , g n ln) is 
contained in C^(Q! n , /3 n j7n)> bence it is at Hausdorff distance at most B > from 

Thus we may find a point r n £ [a n ,/3„] such that dist(r„, g n T n ) = 0(1), while 
the distance from r„ to {a n ,f3 n } is at least 2ed n . Let 77„ g [r„,a„] be a point at 
distance ed n from t„. Then g n r\ ri € [5nT ra , g ra Q!n] is a point at distance ed n from 
gr n . On the other hand, since r) n is at distance at least ed n from a n it follows 
that there exists ij' n € [g n T n , gn&n] at distance O(l) from r\ n - It follows that rj' n is 
at distance ed n + O(l) from g n T n , hence 77^ is at distance O(l) from g n r]n- Thus 
we obtained that g^n is at distance O(l) from r\ n - This, the fact that g n r n is at 
distance O(l) from r„ as well, and the fact that dist(r n ,r? n ) = ed„, together with 
Bowditch's acylindricity result |Bow( Theorem 1.3] and Lemma 12 . 1 1 imply that the 
stabilizer stab(a, f3, 7) has uniformly bounded cardinality. □ 

Corollary 5.16. Suppose that a finitely generated group A = (A) has infinitely 
many infective homomorphisms <p n into a mapping class group A4CQ(S), which are 
pairwise non-conjugate in A4CQ(S). 

Then one of the following two situations occurs: 
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(1) A is virtually abelian, or it splits over a virtually abelian subgroup; 

(2) the action by isometries, without a global fixed point, of A on the asymptotic 
cone Govf (M.CQ(S); (/i n ), (d n )) defined as in Lemma \5.11\ fixes a piece set- 
wise. 

Proof. It suffices to prove that case ([T]) from Proposition 15.131 implies ([1]) from 
Corollarv l5.13l According to case (JXJ) from Proposition 15.131 the group A acts non- 
trivially on a real tree, by Lemma 15.141 we know that the stabilizers of non-trivial 
arcs are virtually abelian, and by Lemma 15.151 we know that the stabilizers of 
non-trivial tripods arc finite. 

On the other hand, since A injects into MCQ(S), it follows immediately from 
results of Birman-Lubotzky-McCarthy |BLM83j that virtually abelian subgroups 
in A satisfy the ascending chain condition, and are always finitely generated. By 
Theorem 15.71 we thus have that A is either virtually abelian or it splits over a 
virtually solvable subgroup. One of the main theorems of |BLM83] is that any 
virtual solvable subgroup of the mapping class group is virtually abelian, finishing 
the argument. □ 

In fact the proof of Corollarv l5.16l allows one to remove the injectivity assumption 
by replacing A by its natural image in MCQ(S)^ as follows: 

Corollary 5.17. Suppose that a finitely generated group A = (A) has infinitely 
many homomorphisms (f> n into a mapping class group AiCQ(S), which are pairwise 
non-conjugate in M.CQ(S). Let N be the intersections of kernels of these homo- 
morphisms 

Then one of the following two situations occurs: 

(1) A/N is virtually abelian, or it splits over a virtually abelian subgroup; 

(2) the action by isometries, without a global fixed point, of A/N on the as- 
ymptotic cone Con^ (A4CQ(S); (/x n ), (d n )) defined as in Lemma \5. Ill fixes a 
piece set-wise. 

Corollary 15.171 immediately implies the following statement because every quo- 
tient of a group with property (T) has property (T): 

Corollary 5.18. Suppose that a finitely generated group A = (A) with prop- 
erty (T) has infinitely many infective homomorphisms 4> n into a mapping class 
group MCQ{S), which are pairwise non-conjugate in MCQ(S). 

Then the action by isometries, without a global fixed point, of A on the asymptotic 
cone Con" (MCQ (S); (p- n ), (dn)) defined as in Lemma \5.11\ fixes a piece set-wise. 

6. Subgroups with property (T) 

Property (T) can be characterized in terms of isometric actions on median spaces: 

Theorem 6.1. / ICDHj . Theorem 1.2) A locally compact, second countable group 
has property (T) if and only if any continuous action by isometries of that group 
on any metric median space has bounded orbits. 

In our argument, the direct implication of Theorem lG . 1 I plavs the most important 
part. This implication for discrete countable groups first appeared in |Nic08j (see 
also |NR97] . [NR98j for implicit proofs, and |Rol98j for median algebras). The same 
direct implication, for locally compact second countable groups, follows directly by 
combining |dlHV891 Theorem 20, Chapter 5] with [Ver93| Theorem V.2.4]. 
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Our main result in this section is the following. 

Theorem 6.2. Let A be a finitely generated group and let S be a surface. 

If there exists an infinite collection $ of homomorphisms (f>: A — > MCQ{S) 
pairwise non-conjugate in MCQ(S), then A acts on an asymptotic cone of M.CQ(S) 
with unbounded orbits. 

Corollary 6.3. If A is a finitely generated group with Kazhdan's property (T) and 
S is a surface then the set of homomorphisms of A into M.CQ(S) up to conjugation 
in AiCQ(S) is finite. 

Remarks 6.4. (1) Theorems 16.21 and 14.251 imply the following: for a finitely 
generated group A such that any action on a median space has bounded 
orbits, the space of homomorphisms from A to A4CQ(S) is finite modulo 
conjugation in M.CQ(S). Due to Theorem 16.11 the above hypothesis on A 
is equivalent to property (T). 
(2) Corollary 16.31 suggests that M.CQ(S) contains few subgroups with prop- 
erty (T). 



In order to prove Theorem 16.21 we need two easy lemmas and a proposition. 
Before formulating them we introduce some notation and terminology. 

Since the group M.CQ(S) acts co-compactly on Ai(S) there exists a compact 
subset K of Ai(S) containing the basepoint v$ fixed in Section |4~T1 and such that 
MCQ(S)K = M(S). 

Consider an asymptotic cone AM = Con w (M (S) ; (£t°), (d n )). According to the 
above there exists x n € MCQ(S) such that x n K contains \jP n . We denote by x" the 
element (x n y in the ultrapower of MCQ(S). According to the Remark 12.61 (2), the 
subgroup x u (UxMCG(S)/ui) (a^) -1 of the ultrapower of MCQ(S) acts transitively 
by isometries on AM. The action is isometric both with respect to the metric 
dist_4A4 and with respect to the metric dist. 

Notation 6.5. We denote for simplicity the subgroup x" (ILiMCG(S)/u) (x^y 1 
by MCG(S)». 

We say that an element g = {g n y in MCQ(Sy has a given property (e.g. it 
is pseudo-Anosov, pure, reducible, etc.) if and only if o;-almost surely g n has that 
property (it is pseudo-Anosov, resp. pure, resp. reducible, etc.). 

Lemma 6.6. Let g be an element in M.CQ{S)^ fixing two distinct points /x, v in 
AM.. Then for every subsurface U £ il(/i, u) there exists k £ N, k > 1, such that 
g k U = U. 

In the particular case when g is pure k = 1 . 
Proof. If distu(/x, u) = d > then for every i £ N, i > 1, dist g i U (A t j u ) = d- Then 



there exists k > 1, k smaller than 



dist(/i, u) 



1 such that g k U = U. 



d 

The latter part of the statement follows from the fact that if g is pure any power 
of it fixes exactly the same subsurfaces as g itself. □ 

Lemma 6.7. Let /x, v be two distinct points in the same piece. Then S it(/x, v). 



Proof. Assume on the contrary that dists(/^, v) — 4e > 0. By Proposition 15.5 
there exist /x, u in U(P) such that dist(/x, fi') < e and dist^, u') < e. Then 
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dists(/i', u') > 2e > whence lim w (distc(s)(/ujj, v' n )) = +00, contradicting the 
fact that /j,,v are in U(P). □ 

We now state the result that constitutes the main ingredient in the proof of 
Theorem 16.21 Its proof will be postponed until after the proof of Theorem 16.21 is 
completed. 

Proposition 6.8. Let g\ = (g}^ ,...,g m = (5™)" be pure elements in MCQ{S)^, 
such that (<7i, ...,g m ) is composed only of pure elements and its orbits in AM are 
bounded. Then gi, ...,g m fix a point in AM. 

Proof of Theorem \6.SX Assume there exists an infinite collection $ = {cf>i, 02, •••} 
of pairwise non-conjugate homomorphisms <p n : A — > MCQ{S). Lemma 15.91 implies 
that given a finite generating set A of A, lim„_s. 0O d n = 00, where 



(20) d n = inf sup dist(0„ (a)/i, fi) . 

Since M(S) is a simplicial complex there exists a vertex //° G M(S) such that 
d n = sup agj4 dist(^ n (a)//° , //°) . Consider an arbitrary ultrafilter uj and the asymp- 
totic cone AM = Con"(A^(5); ), (d n )). We use the notation that appears before 
Lemma 16.61 

The infinite sequence of homomorphisms (<f> n ) defines a homomorphism 
K : A -> A^Cg(5)^ , = (</>„(<?))" • 

This homomorphism defines an isometric action of A on AM without global 
fixed point. 

Notation: When there is no possibility of confusion, we write gfi instead of <f) u (g)(ji, 
for g £ A and fi in AM. 

We prove by induction on the complexity of S that if A has bounded orbits 
in AM then A has a global fixed point. When £(S) < 1 the asymptotic cone 
AM is a complete real tree and the previous statement is known to hold. Assume 
that we proved the result for surfaces with complexity at most k, and assume that 
t(S) = k + 1. 

If A does not fix set-wise a piece in the (most refined) tree-graded structure of 
AM, then by Lemma \3. 121 A has a global fixed point. Thus we may assume that 
A fixes set- wise a piece P in AM . Then A fixes the interior U (P) of P as well by 
Proposition 15.51 

The point fjP = lim w ut°) must be in the piece P. If not, the projection u of 
fi° on P would be moved by less that 1 by all a € A. Indeed, if au ^ u then the 
concatenation of geodesies [/i* ,^] U [v^i/] U [ais,a[i a } is a geodesic according to 
[D505] . 

According to Lemma 12.131 there exists a normal subgroup A p in A of index at 
most N = N(S) such that for every g £ A p , is pure and fixes set- wise the 

boundary components of S. 

By Proposition 16.81 A p fixes a point a in AM. Since it also fixes set-wise the 
piece P, it fixes the unique projection of a to P. Denote this projection by /it. 

Assume that A acts on AM without fixed point. It follows that there exists 
g G A such that g^i 7^ /x. Then A p = gApg^ 1 also fixes gy,. Lemma 16.61 implies that 
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A p fixes a subsurface U <E il(/x,g/x). Since /x,g/x are in the piece P, it follows that 
U is a proper subsurface of S, by Lemma 16.71 Thus A p must fix a multicurve dXJ. 

Let A be a maximal multicurve fixed by A p . Assume there exists g £ A such that 
gA 7^ A. Then A p = gA p g _1 also fixes gA, contradicting the maximality of A. We 
then conclude that all A fixes A. It follows that the image of <j> u is in Stab(A), hence 
w-almost surely 0„(A) C Stab(A n ). Up to taking a subsequence and conjugating we 
may assume that <fi n (A) C Stab(A) for some fixed multicurve A. Let U\, U m be 
the subsurfaces and annuli determined by A. Hence, we can see </>„ as isomorphisms 
with target Stab(A) which are pairwise non-conjugate by hypothesis and thus define 
an isometric action with bounded orbits on the asymptotic cone of Stab(A). Recall 
that Stab(A) is quasi-isometric to MCQ(Ui) x • • • x MCQ(U m ) by Remark [2T2T1 
Hence, the sequence 4> n defines isometric action with bounded orbits on the spaces 
AM(Uj). By hypothesis at least one of these actions is without a global fixed point, 
while the inductive hypothesis implies that each of these actions has a global fixed 
point, a contradiction. □ 

To prove Proposition 16.81 we first provide a series of intermediate results. 

Lemma 6.9. Let g = {g n ) u £ MCQ(S)^ be a reducible element in AM, and let 
A = (A„)" be a multicurve such that if ...,U™ are the connected components 
of S\A n and the annuli with core curve in A n then u-almost surely g n is a pseudo- 
Anosov on U^, U% and the identity map on U* +1 , U™, and A„ = dll^ U ... U 
dU% (the latter condition may be achieved by deleting the boundary between two 
components onto which g n acts as identity). 

Then the limit set Q(A) appears in the asymptotic cone (i.e. the distance from 
the basepoint to Q(A n ) is 0{d n )), in particular g fixes the piece containing 
0(A). 

If g fixes a piece P then U{P) contains Q(A). 

Proof. Consider a point /x = lim w (/U n ) in AM. Let D n = dist 7 v((5)(/x„, A„). As- 
sume that lim^ 0°- = +oo. Let v n be a projection of pL n onto Q(A n ). Note 
that for every i = l,2,...,fc, dist C ( [/ i ) (/i„, g n fi n ) = dist C ( £/ «)(i/„, g„v n ) + 0(1). 
Therefore when replacing g by some large enough power of it we may ensure that 
distc([/i)(/z ra , <7 n /z ra ) > M, where M is the constant from Lemma 12 . 181 while we 
still have that distj\4(s) (//„, g n ^n) < Cd n - In the cone Con^ (.M (5*) ; (/x n ), (-Dn)) we 
have that /x = g\x projects onto Q(A) into v = gis, which is at distance 1. This 
contradicts Lemma T4. 271 It follows that lim w M*- < +oo. 

Assume now that g fixes a piece P and assume that the point \x considered above 
is in U(P). Since the previous argument implies that a hierarchy path joining 
fi and g k fj, for some large enough k intersects Q(dXJi), where = (U^) u and 
i = 1, 2, k, and Q(A) c Q(<9U 4 ), it follows that Q(A) c U{P). □ 

Notation: Given two points /x, u in AM we denote by ii(/x, v) the set of subsur- 
faces U C S such that distu(/x, v) > 0. Note that ii(/i, v) is non-empty if and 
only if /x ^ v. 

Lemma 6.10. Let A be a multicurve. 

(1) ///x, v are two points in Q(A) then any U £ il(/x, v ) has the property that 
U ft A. 
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(2) If (i is a point outside Q(A) and /x' is the projection of /x onto Q(A) then 
any U £ it(/x, /x') has the property that U rh A. 

(3) Let /x and /x' be as in (0). For every v £ Q(A) we have that il(/x, v) = 
lt(/x,/x')U.U(/x». _ 

(4) Let /x,i/ be two points in Q(A). Any geodesic in (_4.M,dist) joining fj,,u 
is entirely contained in Q(A). 

Proof. ^ Indeed if U = {U n ) u £ il(/x, f) then lim w (dist C ( ( 7 ii )(^„, v n )) = oo, ac- 
cording to Lemma l4.15l On the other hand if U rh A then &\stc(u n ) (l^n, v n) = 0(1), 
as the bases of both /x„ and v n contain A„. 
([2| follows immediately from Lemma 14.261 

© According to (P) and ©, il(/x,/x') r\il(fx',v) = 0. The trian gle inequality 
implies that for every U £ il(/x, /x') cither distu(/x', v) > or distu(/x, v) > 0. But 
since the former cannot occur it follows that U £ il(/x, v). Likewise we prove that 
i/) C il(/x, v). The inclusion H(/x, v) C il(/x, /J,') Ult(/x', v) follows from the 
triangle inequality. 

(j4} follows from the fact that for any point a on a dist-geodesic joining fi, v, 
il(/x, v) — il(/x, ol) U il(a, v), as well as from ^ and ([3]). □ 

Lemma 6.11. Let g £ A4CG{S)^ and A be as in Lemma \6. 9\ If /x is fixed by g 
then /x £ Q(A). 

Proof. Assume on the contrary that /x £" Q(A), and let v be its projection onto 
Q(A). Then gv is the projection of gfj, onto Q(A). Corollary 12.291 implies that 
gv = v. By replacing g with some power of it we may assume that the hypotheses of 
Lemma T4. 2 71 hold. On the other hand, the conclusion of Lemma f4 . 2 71 does not hold 
since the geodesic between /x and v and the geodesic between g[i and gv coincide. 
This contradiction proves the lemma. □ 

Lemma 6.12. Let g £ MCQ(S)^ be a pure element such that (g) has bounded 
orbits in AM, and let fj, be a point such that gfi ^ /x. Then for every k £ Z \ {0}, 
g k H j£ xx. 

Proof. Case 1. Assume that g is a pseudo-Anosov element. 

Case l.a Assume moreover that /x is in a piece P stabilized by g. Let U be 
a subsurface in U(/x, g/J,). As /x,<7/x are both in P it follows by Lemma [6.71 that 
UCS. 

Assume that the subsurfaces g _11 U, g~' lk XJ are also in il(/x,g/x), where 
ii < • • • < ifc. Let 3e > be the minimum of dist g -iu(/x, g/x), i = 0, i\, ik- 
Since P is the closure of its interior U(P) (Proposition I5.5[) there exists v £ U(P) 
such that dist(/x,z^) < e. It follows that dist g -i V (v>, gv) > e for i = 0, i\, i^- 
Then by Lemma 14.151 lim w dist^^-i^ (y n , g n v n ) = oo. Let f) = lim^ (f)„) be a hi- 
erarchy path joining v and gv. The above implies that w-almost surely f)„ intersects 
Q(g~ lj dU n ), hence there exists a vertex v 3 n on the tight geodesic t„ shadowed by f)„ 
such that g~ lj U n C S\v 3 n . In particular distc(s)(9~ lj 9U n , v 3 n ) < 1. Since v £ U(P) 
and g stabilizes U(P) it follows that gv £ U(P), whence d\s%c(S){ v n: 9nV n ) < D = 
D(g) w-almost surely. In particular the length of the tight geodesic t„ is at most 
D + 2 w-almost surely. 

According to |Bow| Theorem 1.4], there exists m = m(S) such that w-almost 
surely g™ preserves a bi- infinite geodesic g„ in C(S). To denote g m we write g\ for 
the sequence with terms gi >n . 
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For every curve 7 let 7' be a projection of it on g„. A standard hyperbolic 
geometry argument implies that for every i > 1 

dist c(s) ( 7 ,.9 M \7) > dist c(s) (7' jffl -;7') + 0(1) > i + 0(1) . 

The same estimate holds for 7 replaced by dU n . Now assume that the maximal 
power ik = mq + r, where < r < m. Then &\st C ( S )(g~ lk dU n , g~ mq dU n ) = 
dmt c{s) (g- r dU n , dU n ) < 2{D + 2) + dist c(s) (g-V„, v n ) < 2(D +2)+rD = D x . It 
follows that dist c[s) (g-^dU n ,dU n ) > dist c(s) (d£/„, g~ mq dU n ) -D 1 >q + 0(1) - 

On the other hand dist C (5)(g~ lfc 9f/ n , 9J7„) < 2 + distc(s)(^, v°) < D+ 4, whence 
q<D + Di+4: + O(l) = D2 and ik < m(Di + 1). Thus the sequence i\, ik is 
bounded, and it has a maximal element. It follows that there exists a subsurface 
U in il(/x, g/x) such that for every k > 0, dist g -feu(i/, gv) = d\stjj(g k v 1 g k+1 v) = 0. 
The triangle inequality in T\j implies that distu(/x, g/x) = distu(/x, g k fi) > for 
every k > 1. It follows that no power g k fixes fx. 

Case l.b Assume now that fj, is not contained in any piece fixed by g. By 
Lemma 13.111 g fixes either the middle cut-piece P or the middle cut-point m of 
/x,g/x. 

Assume that /x, gfi have a middle cut-piece P, and let v, v' be the endpoints of 
the intersection with P of any arc joining /x, c//x ■ Then gv = v' hence gv ^ v. By 
Case l.a it then follows that for every k 7^ 0, g v ^ v, and since [fj,, v] U [is, g k v] U 
[g k v,g k fi] is a geodesic, it follows that g k fi ^ /x. 

We now assume that /x, g\x have a middle cut-point m, fixed by g. Assume that 
il(/x, g/x) contains a strict subsurface of S. Then the same thing holds for Il(/x,m). 
Let U C S be an element in il(/x, m). 

If g k /j, = /x for some k ^ 0, since g fc 7?i = m it follows that g fe "(U) = U for some 
n =/= 0, by Lemma 16.61 But this is impossible, since g is a pseudo-Anosov. 

Thus, we may assume that il(/x,g/x) = {S}, i.e. that /x,g/x are in the same 
transversal tree. 

Let Q n be a bi- infinite geodesic in C(S) such that g n g n is at Hausdorff distance 
O(l) from Q n . Let 7„ be the projection of ^exs)^™) onto g„. A hierarchy path 
f) = liniw (f)„) joining /i„ and <7„/x„ contains two points v n , v' n such that: 

• the sub-path with endpoints zz„, ^„ is at C(S)-distance O(l) from any C(S)- 
geodesic joining 7r C ( S) (/x n ) and 7„; 

• the sub-path with endpoints gpu ni v' n is at C(S')-distance O(l) from any 
0(5)-geodesic joining n C (s){g(J«n.) and gj n ; 

• if dist C ( S )(z/„, z/ ) is large enough then the sub-path with endpoints v n , v' n 
is at 0(S')-distance O(l) from Q n ; 

• dist c{s) {v' n ,gv n ) is 0(1). 

Let v — lim u (i/„) and v' = lim w (z^J. The last property above implies that 
dists(i // , gv) = 0. Assume that dists(i / , v') > hence dists(i / , gv) > 0. Let 
f)' be a hierarchy sub-path with endpoints v, gv. Its projection onto Ts and the 
projection of g\)' onto Ts have in common only their endpoint. Otherwise there 
would exist a on t)' fl gf}' with dists(a, g/x) > 0, and such that Cutp{a,g/x} is 
in the intersection of Cutp(f)') with Cutp(gf)'). Consider /3 e Cutp{a,g/x} at 
equal dists-distance from a,gfi. Take a n ,/3 n on f)^ and a' n ,P' n on gf)^ such that 
a = lim w (a„) = lim^ (a' n ) and /3 = lim w (j3 n ) = lim w (f3' n ). Since a„, and /3„, ^ 
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are at distance o(d n ) it follows that t)' n between a n ,f3 n and gt}' n between a' n , /3' n 
share a large domain U n - Let a n and o~' n be the corresponding points on the two 
hierarchy sub-paths contained in Q(dU n ). The projections of t)' n and gt)' n onto C(S), 
both tight geodesies, would contain the points Trc(S)(°~n) and Trc(S)(.°~'n) a t distc(g)- 
distancc 0(1) while lim^ distg(5) (o~ n , gv n ) = oo and lim^ distc(5)(cr^, gv n ) = oo. 
This contradicts the fact that the projection of t)' n Ugty n is at distc(s)-distance 0(1) 
from the geodesic Q n . 

We may thus conclude that the projections of rj' and gty on Ts intersect only 
in their endpoints. From this fact one can easily deduce by induction that (g) has 
unbounded orbits in T$, hence in F. 

Assume now that dists(f, v 1 ) = (hence v — m) and that dists(/i,i') > 0. 
Let a be the point on the hierarchy path joining /x, v at equal dists-distance from 
its extremities and let f)" = lim w (f)^) be the sub-path of endpoints /x, a. All the 
domains of rj" have C(S) distance to g n going to infinity, likewise for the C(S) 
distance to any geodesic joining irc(S)(g k Hn) and ^c(S)(9 kl/ n) with k ^ 0. It follows 
that dist(/x, g k fi) > dist(/x, a) > 0. 

Case 2. Assume now that g is a reducible element, and let A = (An)" be a 
multicurve as in Lemma 16.91 According to the same lemma, Q(A) C U(P). 

If /x $l Q(A) then g k fi ^ /x by Lemma \6. Ill Assume therefore that /x G 0(A). 
The set 0(A) can be identified to n"=i-^(Ui) and /x can be therefore identified 
to (pi, /x m ). If for every i G {1, 2, k} the component of g acting on U; would 
fix fa in M(Ui) then g would fix /x. This would contradict the hypothesis on g. 
Thus for some i G {1,2, ...,k} the corresponding component of g acts on .M(U;) 
as a pseudo-Anosov and does not fix /x^. According to the first case for every 
fceZ\ {0} the component of g k acting on Ui does not fix Hi either, hence g k does 
not fix /x. D 

Lemma 6.13. Let g G A4CQ(S)^ be a pure element, and let /x = lim w (/i„) be a 
point such that g/j- 7^ /x. If g is reducible take A = (A„)" ; and U™ as in 

Lemma \6.9\ while if g is pseudo-Anosov take A = and {U„, U™} — {S}, and 
by convention Q(A„) = A4(S). Assume that g is such that for any v n G Q(A n ), 
distc({yi)(z/ n , g n v n ) > D u-almost surely for every i G {l,...,k}, where D is a fixed 
constant, depending only on £{S) (this may be achieved for instance by replacing g 
with a large enough power of it). 

Then 11 = il(/x, g/x) splits as ilo U ill U gili U where 

• ilo is the set of elements U G it such that no g k XJ with k G Z \ {0} is in LI, 

• ^3 is the intersection of il with {U 1 , ...,U k }, where LP = (U^) u , 

• ill is the set of elements U G il \ ^3 such that g k XJ G il only for k = 0, 1 
(hence <?ili is the set of elements U G il \ such that g k XJ G il only for 
k = 0,-1). 

Moreover, if either ilo 7^ or distu(/x, 5/x) 7^ dist 9 u(/-t, 3 A*) for some U G ill 
then the (g) -orbit of \x is unbounded. 

Proof. Case 1. Assume that g is a pseudo-Anosov with C(5')-translation length 
D, where D is a large enough constant. There exists a bi-infinite axis p n such that 
g n p n is at Hausdorff distance 0(1) from p„. Consider f) = lim^ ([)„) a hierarchy 
path joining /x and g/x, such that t)„ shadows a tight geodesic t„. Choose two points 
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7"i7n on Pn that are nearest to 7rc(S)(A < n) ) and i^c{S){g^n) respectively. Note that 
dist C (s)(7n J fl , n7n) = 0(1)- 

Standard arguments concerning the way hyperbolic elements act on hyperbolic 
metric spaces imply that the geodesic t n is in a tubular neighborhood with radius 
0(1) of the union of 0(S)-geodesics [tt c(s) (/i„), -f n ] U [7„,7^] U [j' n , g n ^c(S)(^n)}- 
Moreover any point on t„ has any nearest point projection on p n at distance O(l) 
from [7„,74] C p„. 

Now let U = (Un)" be a subsurface in ii(/i, g/x), U C S. Assume that for some 

i € Z, distu(5*/X) > 0- This implies that lim u distc(u„) (fl^Mn; M») = 

+00 for j e {0, £}, according to Lemma 14.151 In particular, by Lemma |2.18| 9J7„ 
is at C(5)-distance < 1 from a vertex u n G t„ and g~ l dU„ is at C(5)-distance 
< 1 from a vertex u„ G t„. It follows from the above that dU n and g~ l dU n 
have any nearest point projection on p„ at distance O(l) from [7^,7^] C p„. Let 
x n be a nearest point projection on p„ of 9C/ n . Then g^^n is a nearest point 
projection on p n of g~ l dU n . As both x„ and g„ % x„ are at distance 0(1) from 
[ln,j' n ], they are at distance at most D + O(l) from each other. On the other 
hand dist C ( S )(x n7 g~ l x n ) = \i\D + O(l). For D large enough this implies that 
i£ {-1,0, 1}. Moreover for i = — 1, <9?7„ projects on p n at C(5)-distance O(l) from 
7„ while g n dU n projects on p n at C(5')-distance O(l) from g n "f n . This in particular 
implies that, for D large enough, either distu(.9M, g 2 £t) > or distu(g~ V, At) > 
but not both. 

Let Ko = it\ (giX U g^il). Let il x = (it n g^il) \ {S} and il 2 = (it n ffit) \ {S}. 
Clearly il = il U ili UU2U*P, where «P is either or {S}. Since g^ilngilis either 
empty or {S}, ilo , iXi , U2 , *P arc pairwise disjoint, and H2 = gill- 

Assume that ilo is non-empty, and let U be an element in ilo- Then d = 
distjj (fj,, gfi) > and distu(g l fi, g l+1 fi) — for every i G Z\ {0}. Indeed if 
there existed i G Z \ {0} such that distu(<? l At, g 1+1 fi) > then, by the choice of D 
large enough, either i = — 1 or i = 1, therefore either U <G gili or U G ill, both 
contradicting the fact that U £ ilo- The triangle inequality then implies that for 
every i < < j, distu(ff 4 M, g 3 A*) = d. Moreover for every i < k < j, by applying 
g~ k to the previous equality we deduce that dist g ku(g' t fi, g^ fi) = d. Thus for every 
i < < j the distance dist(<? I /i, g 3 fi) is at least X)i<fc<j dist g ku(g l fi, g 3 fi) = (j — i)d. 
This implies that the (<7)-orbit of /x is unbounded. 

Assume that distu(At, gn) 7^ dist s u(A i , <?A*) for some U G iXx- Then the dis- 
tance distu(g~ 1 fi, gfj.) is at least |distu(Mi .9A 4 ) — dist ff u(M)fl'/ Lt )l = d > 0. More- 
over since dist\j(g k fi, g k+1 fi) = for every k > 1 and fc < —2, it follows that 
distu(ff _fc M, ff m A*) = distu(.g~ 1 At,.9At) > d for every k,m > 1. We then obtain 
that for every V = g J U with j G { — k + l,....,m — 1}, distvG7 A* 5 5 m A0 > d. 
Since U C S and g is a pseudo-Anosov, it follows that if i ^ j then c/ z U 7^ <7 J 'U. 
Then dist( ff - fc /x, 5 m /x) > E^T-fe+i d^Vul^A*, 5™ At) > (fc + m - l)d. Hence the 
(<?)-orbit of /x is unbounded. 

Case 2. Assume that g is reducible. Let v be the projection of /i. onto Q(A). 
Consequently gi/ is the projection of gfi onto Q(A-). Lemma 16.101 implies that 
•^(A*, 9 A*) = ^(M, ") U gv) U &{gu, gfi) . 

Consider an element U € il, U ^ {Ui, ...U m }, and assume that for some i € 
Z\ {0}, g l U G il. We prove that £ G {-1,0,1}. 
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Assume that U G H(f,gf). Then, since lim^ distc([/ 7i )(/x ra , g/J, n ) = +00, it 
follows that U (H A and U is contained in LP for some j G {1, ...,k}. Either 
U = U J 6 ?p or U C LP. In the latter case, an argument as in Case 1 implies that 
for D large enough i G { — 1, 0, 1}. 

Assume that U G H(/li, v). Then U rh A, since fi and u do not differ inside 
the subsurfaces IP , j = 1, ...,m. Since A = |Jj=i ^^P it follows that for some 
je{l,...,k}, UrtiSU*. 

We have that distgiu^/^gV) > 0, hence a hierarchy path joining g l n ^ n and 
contains a point /3 n in Q{g l n dU n ). 

The hypothesis that dist 9 ;u(/x, gfi) > implies that either dist g iu(/i, 1/) > or 
dist giu (gis, gfi) > 0. Assume that dist g iu(/x, v) > 0. Then a hierarchy path joining 
/Lin and v n also contains a point (3' n in Q{g l n dU n ). 

For the element j G {1, ...,&} such that U iti <9LP, djat c ,^(f3 n , = O(l) 
since both /3„ and contain the multicurve dU n . By properties of projections, 
distp^j^n, v n ) = O(l) and dist^^jJg^/in, <5^f n ) = 0(1), which implies that 
&\st C (jji^((3 n , g l n v n ) = 0{1) and dist^^j (/3^, z^n) = 0(1). It follows that the dis- 
tance dist C (jjij{g l n v n , v n ) has order O(l). On the other hand dist^^j^g^n, v n ) > 
\i\D. For D large enough this implies that i = 0. 

Assume that dist g i u (g v, gfi) > 0. This and the fact that dist g u (gv, g/j.) > 
imply as in the previous argument, with v and U replaced by gfi,gv and gU, 
that i = 1. 

The case when distu(<?i / , > is dealt with similarly. In this case it follows 
that, if distgiuC/- 4 ! u ) > then i = —1, and if dist g i u (g u, gfi) > then i = 0. 

We have thus proved that for every U G H, U g" {Ui, ...U m }, if for some 
i G Z\ {0}, G il then i G {-1,0,1}. We take = H n {Ui,...U m } and 
il'=it\«p. We define il =il'\( ff il'U ff - 1 it')- Let Hi = U'Dg' 1 ^ and il 2 = H'n#H'. 
Clearly il = il Uiti UH2 U^J. Since <7 _1 H dgil' is empty, Ho , Hi , H2 , *P are pairwise 
disjoint, and H2 = giii- 

If Ho 7^ then a proof as in Case 1 yields that the (g)-orbit of fi is unbounded. 

Assume that distu(/^, gfj) 7^ dist g u(M, .9 A*) for some U G Hi. It follows from 
the previous argument that U G !&(y,gv), hence gXJ is in the same set. Without 
loss of generality we may therefore replace fi by v and assume that fi G Q(A). In 
particular distu(A*, gfJ-) is composed only of subsurfaces that do not intersect A. 
We proceed as in Case 1 and prove that the (g)-orbit of fi is unbounded. □ 

Lemma 6.14. Let g = (gn) 10 G MCQ{S)^ be a -pseudo- Anosov fixing a piece P, 
such that (g) has bounded orbits in AM.. Assume that uj- almost surely the trans- 
lation length of g n on C'(S) is larger than a uniformly chosen constant depending 
only on £,(S). Then for any point fi in P and for any hierarchy path tj connecting 
fx and its translate g\x, the isometry g fixes the midpoint of fj . 

Proof. Let fi be an arbitrary point in P and f) = lim^ (f)„) a hierarchy path joining 
fi and gfi, such that f)„ shadows a tight geodesic t„. We may assume that gfi ^ fi, 
and consider the splitting defined in Lemma [6.13[ H = il(fi, gfi) = Ho U Hi U gili. 
Note that since fi and gfi are both in the same piece P, H(/x, g fi) cannot contain S, 
by Lemma \6. 71 As (g) has bounded orbits, we may assume that Ho is empty, and 
that H = Hi U gili ■ We denote gii\ also by H2 . For every U G H choose a sequence 
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(U n ) representing it, and define il(n), ili(n), il2(n) as the set of U n corresponding 
to U in it, ili , H2 respectively. 

Let a n be the last point on the hierarchy path E)„ belonging to Q{dU n ) for some 
U n G Hi(n). Let ot = lim^ (a„). Assume that ga ^ a. For every subsurface 

V = [V n ) u G ITfi/a; such that distv (a, ga) > it follows by the triangle inequality 
that either disW(a, gfi) > or distv (<?/•*, got) > 0. In the first case V G il. If 

V G ili then V = (U n ) u for one of the chosen sequences (U n ) representing an 
element in ili, whence lim^ dist c (u n ) ( a n, gnl^n) = oo and the hierarchy sub-path 
of f)„ between a n and <?„/!„ has a large intersection with Q(dU„). This contradicts 
the choice of a n . Thus in this case we must have that V G gili. 

We now consider the second case, where distv (<?/•*, got) > 0. Since this condition 
is equivalent to dist fl -iv(/-t, ot) > it follows that <7 _1 V G il. Moreover w-almost 
surely the hierarchy sub-path of ()„ between \i n and a„ has a large intersection with 

Qign'dVn). 

Define p ra and the points 7„, 7^ on p„ as in Case 1 of the proof of Lemma 16.131 
The argument in that proof shows that for every U = (Un)^ G ili, ^-almost surely 
8U n has any nearest point projection on p„ at C(S')-distance 0(1) from y n while 
g n dU n has any nearest point projection on p ra at C(S')-distance 0(1) from g n 1n- In 
particular a n has any nearest point projection on p„ at C(S')-distance O(l) from 7„ 
whence g^dVn has any nearest point projection on p„ at C(5)-distance O(l) from 
7„ too. For sufficiently large translation length (i.e. the constant in the hypothesis 
of the lemma), this implies that g~ x dV n cannot have a nearest point projection on 
p„ at C(5')-distance 0(1) from gj n . Thus w-almost surely g^Vn ^ H2 ('t-) , therefore 
,9 _1 V ^ il 2 . It follows that ,g _1 V G ili, whence V G gili. 

We have thus obtained that distv (01, got) > implies that V G gili, therefore for 
every k G Z, distv (g k a, g k+1 ot) > implies that V G g k+1< &i. Since the collections 
of subsurfaces g l< &i and g J ili are disjoint for i ^ j it follows that dist(g~ t ot, g j ot) = 
Ei^Evegfc+Hi! disWig-'a.g^a) = Efc=-i Eve»*+ilXi dist v(.g fe a, g k+1 ot) = (j+ 
i — l)dist(o!, got). This implies that the (g)-orbit of ot is unbounded, contradicting 
our hypothesis. 

Therefore ot = got. From this, the fact that g acts as an isometry on (AM, dist), 
and the fact that hierarchy paths are geodesies in (AM, dist), it follows that ot is 
the midpoint of f). □ 



Lemma 6.15. Let g = (.g„) w G MCQ(S)^ be a -pseudo- Anosov such that (g) has 
bounded orbits in AM. Assume that uj -almost surely the translation length of g n 
on C(S) is larger than a uniformly chosen constant depending only on £,(S). Then 
for any point \x and for any hierarchy path f) connecting \x and g/J,, the isometry g 
fixes the midpoint of t) . 

Proof. Let (J, be an arbitrary point in AM and assume gfi 7^ fi. Lemma 13.111 ([TJ, 
implies that g fixes either the middle cut-point or the middle cut-piece of fJ,,gH- In 
the former case we are done. In the latter case consider P the middle cut-piece, u 
and v' the entrance and respectively exit points of f) from P. Then v' = gv 7^ v 
and we may apply Lemma 16.141 to g and v to finish the argument. □ 
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Lemma 6.16. Let g = (g n )^ € MCQ(S) 1 ^ be a pseudo-Anosov. The set of fixed 
points of g is either empty or it is a convex subset of a transversal tree of AM . 

Proof. Assume there exists a point fi € AM fixed by g. Let u be another point 
fixed by g. Since g is an isometry permuting pieces, this and property (T^) implies 
that g fixes every point in Cutp {/x, u }. If a geodesic (any geodesic) joining fi and 
v has a non-trivial intersection [cn,/3] with a piece then a, (3 are also fixed by g. 
By Lemma 16.71 il(a,/3) contains a proper subsurface U C S, and by Lemma l6.6[ 
g\J = U, which is impossible. 

It follows that any geodesic joining fi and v intersects all pieces in points. This 
means that the set of points fixed by g is contained in the transversal tree T M (as 
defined in Definition 13. 6|) . It is clearly a convex subset of T M . □ 

Lemma 6.17. Let g 6 MCQ(S)^ be a reducible element such that (g) has bounded 
orbits in AM, and let A = (A n ) u and XJ 1 = (U^) u ,...,V m = (U™) u be the 
multicurve and the subsurfaces associated to g as in Lemma \6.9\ Assume that for 
any i € {1,2, ...,&} and for any u € <3(A) the distance <\\sic(jj i )( v 'i9 1 ') * s larger 
than some sufficiently large constant, D, depending only on S,(S). 

Then for any point \i there exists a geodesic in (AM, dist) connecting \i and its 
translate g\x, such that the isometry g fixes its midpoint. 

Proof. Let fi be an arbitrary point in AM. By means of Lemma l3.11[ (JlJ, we may 
reduce the argument to the case when \i is contained in a piece P fixed set-wise 
by g. Lemma T6.9I implies that U(P) contains Q(A). Let v be the projection of fi 
onto Q(A). According to Lemma [4.271 if D is large enough then given t)i, f)2, f)3 
hierarchy paths connecting respectively fi, v, u,gv, and gv,gfi, \)i U fa U f)3 is a 
geodesic in (AM,dist) connecting /j, and g/j,. 

If v = gv then we are done. If not, we apply Lemma 16.151 to g restricted to each 
U J and we find a point a between v and gv fixed by g. Since both u and gv are 
between \x and gfi it follows that a is between \x and gfi, hence on a geodesic in 
(AM, dist) connecting them. □ 

Lemma 6.18. Let g 6 MCQ(S) 1 ^ be a reducible element, and let A = (A„) w and 
Ui = (t/^) w , U m = (L^™)" ^ e ^ e multicurve and the subsurfaces associated to 
g as in Lemma \6.9[ 

If the set Fix(g) of points fixed by g contains a point \x then, when identifying 
Q(A) with M(\Ji) x • ■ ■ x M(XJ m ) and correspondingly fi with a point (fii, Um), 
Fix(g) identifies with C\ X • • • X C& X M(\Jk+i) X • • • X M(U m ), where Ci is a convex 
subset contained in the transversal tree T Mi . 

Proof. This follows immediately from the fact that Fix(g) = Fix(g(l)) x • • • x 
Fix(g , (m)), where g(i) is the restriction of g to the subsurface Uj, and from Lemma 
EH □ 

Lemma 6.19. Let g be a pure element such that (g) has bounded orbits in AM. 
Let fx be a point in AM such that g\x ^ fi and let m be a midpoint of a dist-geodesic 
joining fx and gii, m fixed by g. Then, in the splitting o/il(/x, g[i) given by Lemma 
\6.13\. the set ill coincides with U(/i, m) \ *}3. 

Proof. As (g) has bounded orbits, we have that = 0, according to the last part 
of the statement of Lemma 16.131 
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Since m is on a geodesic joining fi and gfi, il(/ti, <?/z) = il(/x, m) U il(m, g/j,). 
From the definition of Hi it follows that m) \ *P is contained in Hi. Also, if an 
element U G Hi would be contained in H(m, gp) then it would follow that g" 1 ^ 
is also in H, a contradiction. □ 

Notation: In what follows, for any reducible element t £ A^C^(5)g we denote by 
A t the multicurve associated to t as in Lemma 16.91 

Lemma 6.20. (1) Let g be a pure element with Fix(<?) non-empty. For every 
x £ AM there exists a unique point y £ Fix{g) such that dist(a;,y) = 
dist(a;, Fix(g)). 

(2) Let g and h be two pure elements not fixing a common multicurve. If 
Fix(g) and Fix(ft-) are non-empty then there exists a unique pair of points 
/j, £ Fix(<7) and v £ Fix(h) such that dist(/x, v) = dist(Fix(g), Fix(h)). 

Moreover, for every a. £ Fix(g), dist(a,v) = dist(a, Fix(ft,)), and v is 
the unique point with this property; likewise for every (3 £ Fix(/i), dist(/3, fi) = 
dist(/3, Fix(<7)) and fi is the unique point with this property. 

Proof. We identify AM with a subset of the product of trees riuenfi/w^u- Let 
g be a pure element with Fix(g) non-empty. By Lemma l6.6[ for any U such that 
<?(U) ^ U we have that the projection of Fix(g) onto T\j is a point which we denote 
/xu- If U is such that U it A g then the projection of Fix(g), and indeed of Q(A g ) 
onto Tu also reduces to a point, by Lemma lo.101 (fTJ). The only surfaces U such that 
g(U) = U and U tf\ A g are Ui, U fe and Y C Uj with j £ {k + 1, to}, where 
Ui, U m are the subsurfaces determined on S by A ff , g restricted to Ui, Ufc 
is a pscudo-Anosov, g restricted to Ufc+i, ...,U m is identity. By Lemma \6.18l the 
projection of Fix(g) onto T\j i is a convex tree Cu;, when i = and the 

projection of Fix(g) onto TV with Y C Uj and j £ {k + 1, to} is Ty. 

(fT]) The point x in AM is identified to the element (a;u)u in the product of 
trees UveuB/w 7 ^- 

For every i £ {1, k} we choose the unique point y v in the tree C\j i realizing 
the distance from x\j i to that tree. The point y v lifts to a unique point y i in the 
transversal sub-tree Q. 

Let i £ {k + 1, ...,m} and let y v . = (:ey)y be the projection of (a:u)u onto 
JIycU; ^y- Now the projection of AM onto IlYCUi coincides with the embed- 
ded image of M(Ui), since for every x £ AM its projection in Ty coincides with 
the projection of 7r m(u i)( x ) ■ Therefore there exists a unique clement y i £ M(XJi) 
such that its image in JIycu is V\j - Note that the point y i can also be found 
as the projection of x onto M(Ui). 

Let z be an arbitrary point in Fix(g). For every subsurface U the point z has 
the property that distu(2,:r) > distu(y,a;). Moreover if z ^ y then there exist 
at least one subsurface V with g(V) = V and V tf\ A g such that z\- ^ y v . 

By the choice of y v it follows that dist v v , ^ v ) > distv(2/v s v)- Therefore 
dist(z, x) > dist(y, x), and the inequality is strict if z ^ y. 

Let Vi,...,V s be the subsurfaces determined on S by A/,, such that h 
restricted to Vi, V/ is a pseudo-Anosov, h restricted to V; + i, V s is identity. 
The projection of Fix(/i) onto Tv ; is a convex tree Cv^ when i = the 
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projection of Fix(<?) onto Tz with Z C Vj and j G {I + 1, s} is Tz, and for any 
other subsurface U the projection of Fix(h) is one point v\j. 

For every i g {1, fc} Fix(/i) projects onto a point i/U; by the hypothesis that 
g, h do not fix a common multicurve (hence a common subsurface). Consider /xu, 
the nearest to u\j i point in the convex tree Cjj i . This point lifts to a unique 
point Hi in the transversal sub-tree CV Let i € {k + l,...,m}. On JIycu 
Fix(ft.) projects onto a unique point, since it has a unique projection in each Ty- 
As pointed out already in the proof of ([l]), the projection of AM. onto IIycu 
coincides with the embedded image of A4(Ui). Therefore there exists a unique 
element fii E A4(Ui) such that its image in IIycu ^ y * s ( i/ y)y- Note that the 
point Hi can also be found as the unique point which is the projection of Fix(h) 
onto A4(XJi) for i = k + l,...,m. We consider the point fi = Qui, fim) S 
C\ x ■ ■■ x Cfe x M.(XJk+i) x ■ • • x M(U m ). Let a be an arbitrary point in Fix(g) 
and let (3 be an arbitrary point in Fix(h). For every subsurface U the point fj, 
has the property that distu(/x,/3) < distu(a,/3). Moreover if a ^ /x then there 
exist at least one subsurface V with <?(V) = V and V tf\ A g such that Qy 7^ /iy- 
By the choice of /xv it follows that distv(Mv>/3v) < distv(av, /3v)- Therefore 
dist(/x,/3) < dist(a,/3), and the inequality is strict if a 7^ /x. 

We construct similarly a point 1/ £ Fix(/i). Then dist(/z, v) < dist(/x,/3) < 
dist(a,/3) for any cc <S Fix(g) and /3 £ Fix(/i). Moreover the first inequality is 
strict if (3 7^ u, and the second inequality is strict if a 7^ /x. □ 

Lemma 6.21. Lei g G M.CQ(S)" be a pure element satisfying the hypotheses from 
Lemma \6.13l and moreover assume that (g) has bounded orbits, whence Fix(g) 7^ 0, 
by Lemmas 1 6'. 15\ anrf |6'.l7[ Le£ /x 6e an element such that g\x 7^ /x and fe£ 1/ oe i/ie 
unique projection of ix onto Fix(g) defined in Lemma \6.2(A (GJ). 

T/ien /or every k G Z \ {0}, v is on a geodesic joining fi and g k fi. 

Proof. By Lemmas 16.151 and 16.171 there exists m middle of a geodesic joining /x 
and g fc /x such that m G Fbc(g k ). By Lemma T6. 121 Fix(g k ) = Fix(g). Assume that 
m ^ v. Then by Lemma [6.201 ([1]), dist(/Li, u) < dist(/x,m). Then dist(/x, g k fi) < 
dist(/x, u) + dist(i>, g k fJ.) = 2dist(/x, 1/) < 2dist(/x,m) = dist(/x, g k fx), which is 
impossible. □ 

Lemma 6.22. Lei g = (g n ) u and h — (/i„)" be two pure reducible elements in 
AiCQ{S)^ , such that they do not both fix a multicurve. If a proper subsurface U 
has the property that h(XJ) = U then 

(1) <? m U rh A h for \m\ > N = N(g); 

(2) the equality h(g k (U)) = g k (U) can hold only for finitely many k G Z. 

Proof. (TT|) Assume by contradiction that g m TJ (ft A^ for \m\ large. Since h(TJ) = U 
it follows that U must overlap a component V of S \ A g on which g is a pscudo- 
Anosov (otherwise gXJ = U). If Ah would also intersect V then the projections 
of Ah, n and of dll n onto the curve complex C(V n ) would be at distance 0(1). On 
the other hand, since distc(v„) (g m dU n , dU n ) > \m\ + 0(1) it follows that for |m| 
large enough dist C (v n ) {g m dU n , Ah, n ) > 3, that is g m dU would intersect A^, a 
contradiction. Thus A^ does not intersect V. It follows that U does not have 
all boundary components from Ah, thus the only possibility for h(XJ) = U to be 
achieved is that U is a finite union of subsurfaces determined by Ah and subsurfaces 
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contained in a component of S\ Aft on which h is identity. Since V intersects U and 
not A/,,, V intersects only a subsurface Ui C U restricted to which h is identity, 
and V is in the same component of S \ Aft as Ui. Therefore hV = V, and we also 
had that gV = V, a contradiction. 

© Assume that h(g k (U)) = ,g fe (U) holds for infinitely many k <E Z. Without 
loss of generality we may assume that all k are positive integers and that for all 
k, g k XJ iti Aft. Up to taking a subsequence of k we may assume that there exist 
Ui,...,U TO subsurfaces determined by Aft and 1 < r < m such that h restricted 
to Ui,...,U r is either a pseudo-Anosov or identity, h restricted to U r +i, U m 
is identity, and g k (U) = Ui U ... U U r U V r+ i(fc) U ... U V m (fc), where Vj(fc) C 
XJj for j = r + 1, ...,m. The boundary of g k (TJ) decomposes as d'S U A' h U dk, 
where d'S is the part of dg k (U) contained in dS, A.' h is the part contained in 
Aft, and dk is the remaining part (coming from the subsurfaces Vj(fc)). Up to 
taking a subsequence and pre-composing with some g~ k ° we may assume that 
U = Ui U ...UU r U V r+ i(0) U ... U V m (0) and that g k do not permute the boundary 
components. It follows that A^ = 0, hence dk 7^ 0- Take a boundary curve 7 £ So- 
Then 7 e dVj(0) for some j € {r + 1, m}, and for every k, g k j <G dVj(k) C XJj, 
in particular g k j t)\ Aft. An argument as in {T]) yields a contradiction. □ 

Lemma 6.23. Let g = and h — (h n ) u be two pure elements in JVlCQ{S)" , 

such that (g 7 h) is composed only of pure elements and its orbits in AM are bounded. 
Then g and h fix a point. 

Proof. (1) Assume that g and h do not fix a common multicurve. We argue by 
contradiction and assume that g and h do not fix a point and we shall deduce from 
this that (g, h) has unbounded orbits. 

Since g and h do not fix a point, by Lemma [6.201 Fbc(<?) and Fix(/i) do 
not intersect, therefore the dist-distance between them is d > 0. Let /j, E Fix(_g) 
and v £ Fix(/i) be the unique pair of points realizing this distance d, according to 
Lemma 16.201 Possibly by replacing g and h by some powers we may assume that 
g, h and all their powers have the property that each pseudo-Anosov components 
has sufficiently large translation lengths in their respective curve complexes. 

(l.a) We prove that for every ex G AM. and every e > there exists k such 
that g k (a) projects onto Fix(h) at distance at most e from v. 

Let \i\ be the unique projection of a. on Fix(g), as defined in Lemma 16.201 
([1]). According to Lemma I6.21| fii is on a geodesic joining a and pa for every 
p £ (g) \ {id}. Let V\ be the unique point on Fix(h) that is nearest to p(a), whose 
existence is ensured by Lemma [6.201 (JTJ) . 

By Lemma l6~13l Ufa. v(a)) = U pit? U <p. Moreover, by Lemma l6~19l Itf = 
il(a, /xi) therefore il^ is independent of the power p. Therefore we shall hence- 
forth denote it simply by ill. 

Let U be a subsurface in iX(v, V\). If U is a pseudo-Anosov component of 
h then the projection of Fix(/i) onto Tjj is a subtree Cu, the whole set Fix (.9) 
projects onto a point pu, and v\j is the projection of /xu onto Cu, ("i)u is the 
projection of (p(a))u onto Cu, and v\j , (i^i)u are distinct. It follows that the 
geodesic joining (£ti)u and (p(a))u covers the geodesic joining ujj and (i^i)u, 
whence distu (/■*!, p(a:)) > distu(i / , 
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If U is a subsurface of an identity component of h then the projection of Fix(/i) 
onto Ttj is the whole tree Tu, Fix(<?) projects onto a unique point fiu = u\j and 
("i)u = (p( a ))u- It follows that the geodesic joining (/Lii)u an( A (p( a ))u is the 
same as the geodesic joining uu and (vi)u, whence distu(Mi,p(a)) = distu(f, fi)- 

Thus in both cases distu(£ti,p(aO) — distu(i / , u\) > 0, in particular U € 
il(/xi,p(ci!)). Since g and /i do not fix a common subsurface, it^i'i) n *P = 0, 
therefore fi) C il(/xi,p(a)) \ ^3 = pili. The last equality holds by Lemma 

Em 

Now consider Vi, V r subsurfaces in ill such that the sum 

r 

(disWj (a, p(a)) + dist fl v J -(a,K a ))) + distu(a,p(a))) 
j=i ueq3 

is at least dist(a,p(a)) — e . 

According to Lemma \6.22\ ([2]), by taking p a large enough power of g we may 
ensure that h(p(Vj)) ^ p(Vj) for every j = 1, r. Then 

dist^,!^) = ^2 distu(^,^i)< ^2 dist u(Mi>P(")) < 
ueK(i/,i/i) U€ii(i/,i/i) 

^ distu(^i,p(a)) = ^ distu(a,p(a)) < e . 
uepiii,u#pVj uepiii.u^pVj 

(l.b) In a similar way we prove that for every j3 € AAA and every 8 > there 
exists m such that h m ((3) projects onto Fix(<7) at distance at most 8 from /x. 

(l.c) We now prove by induction on k that for every e > there exists a word 
w in g and h such that: 

• dist(f, wu) is in the interval [2kd — e, 2fcd]; 

• dist(/x, wu) is in the interval [(2k — l)d — e, (2fc — l)ef|; 

• wu projects onto Fix(/i) at distance at most e from u. 

This will show that the i/-orbit of (g, h) is unbounded, contradicting the hypoth- 
esis. 

Take k = 1. Then (l.a) applied to u and e implies that there exists a power p 
of g such that pi^ projects onto Fix(/i) at distance at most e from u. Note that by 
Lemma [6.211 fi is the middle of a geodesic joining u,pu, hence dist(i/, pu) = 2d 
and dist(/x, pu) = d. 

Assume that the statement is true for k, and consider e > arbitrary. The 
induction hypothesis applied to £i = jq produces a word w in g and h. Property 
(l.b) applied to (3 = wu implies that there exists a power h m such that h m wu 
projects onto Fix(<?) at distance at most 5 = |. 

The distance dist(h m wu, u) is equal to dist(wu, u), hence it is in [2kd— ei, 2kd]. 
The distance dist(h m wu 1 //,) is at most dist(/i m wi^, i/) + d = (2k + l)d. Also 
dist(h m wu, /j,) > dist(/i m wi^, wi/) — dist(wi/, /x) > 2(dist(wi', f) — ei) — (2k — l)d > 
2(2kd - 2ei) - (2k - l)d = (2k + l)d - 4ei > (2fc + l)d - e. 

We apply (l.a) to a = h m wu and e and obtain that for some k, g k h m wu 
projects onto Fix(h) at distance at most e from u. Take w' = g k h m w. We have 
dist(/x, uiV) = dist(/x, h m wu), and the latter is in [(2k + l)d — e, (2k + l)d]. 
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The distance dist(i/, w'u) is at most dist(/i, w'u) + d, hence at most (2k + 2)d. 
Also dist(i/, w'u) is at least d\st(w'u, h m wu) — dist(h m wu, u) > 2(dist(/i m wu, /j,) — 
5) - 2kd > 2((2k + l)d - 4ei - 6) - 2kd = (2k + 2)d - 8e x - 26 = (2k + 2)d - e. 

(2) Let A be a multicurve fixed by both g and h, and let Ui,...U„ be the 
subsurfaces determined by A. The restrictions of g and h to each U,, g(i) and h(i), 
do not fix any multicurve. By (1), g(i) and h(i) fix a point U{ in Ad(\Ji). It then 
follows that g and h fix the point (u%, ...u n ) e A^(Ui) x ■ ■ • x M(U n ) = Q(A). □ 

We are now ready to prove Proposition ^. 81 

Proof of Proposition 1 6. #1 According to Lemma 13.121 it suffices to prove the follow- 
ing statement: if g\,...,g m are pure elements in AiCQ(S)^ , such that (g\, ...,g m ) is 
composed only of pure elements, its orbits in AJA arc bounded and it fixes set- wise 
a piece P then g±, ...,g m fix a point in P. We prove this statement by induction on 
k. For k — 1 and k — 2 it follows from Lemma \6. 231 Note that if an isomctry of a 
tree-graded space fixes a point x and a piece P then it fixes the projection of x on 
P. 

Assume by induction that the statement is true for k elements, and consider 
<?i, ...,gk+i pure elements in AiCQ(S)" , such that (<?i, ...,gk+i) is composed only of 
pure elements, its orbits in AM. are bounded and it fixes set-wise a piece P. 

(1) Assume that g\, gk+i do not fix a common multicurve. By the induction 
hypothesis gx, gk-2,9k-i,9k fixes a point a e P, g 1 ,...,g k _ 2 ,gk-i,9k+i fixes a 
point f3 G P and <?i, ...,gk-2,9ki9k+i fixes apoint 7 £ F. If a,/3, 7 are not pairwise 
distinct then we are done. Assume therefore that a, /3, 7 are pairwise distinct, and 
let /i, be their unique median point. Since pieces are convex in tree-graded spaces, 
H E P. For i € {1, k — 2}, gi fixes each of the points a,/3,7, hence it fixes their 
median point \x. 

Assume that <7fe_i/x 7^ /x. Thenil(/i, g^-in) C a)Uil(a, gk-i/j) = a)U 
<7fc_iil(/x, a). Now a) C il(/3, a), and since fffc-i fixes both (3 and ct it fixes ev- 
ery subsurface U € il(/3, a), by Lemma [6T6l In particular <7fc_iil(/x, a) = a). 
Hence iX(/x, g^-in) C it(/x, a). A similar argument implies that ii(fi, gk^ifJ-) C 
iX(p,f3). Take V e (fjb,g k -ifi). Then V g U(/x,a). In particular V e il(/3, a), 
hence each g$ with i = 1,2, ...,k — 1 fixes V, since it fixes the points /3, a. Also 
V e il(7, a), whence 5 fe V = V. Finally, as V e H(/x,/3) C il(7,/3) it follows that 
<?fc+iV = V. This contradicts the hypothesis that g\, ...,gk+i do not fix a common 
multicurve. Note that V C S by Lemma 16.71 since a, (3 are in the same piece and 
Veit(a,/3). 

We conclude that gk-i/J- = Similar arguments imply that t/fc/x = /x and 
fffe+iM = M 

(2) Assume that g\, ...,gk+i fix a common multicurve. Let A be this multic- 
urve, and let Ui, ...U m be the subsurfaces determined by A. According to Lemma 
EM Q(A) c U(P). 

The restrictions of g\, ...,gk+i to each U^, gi(i), ...,gk+i(i), do not fix any mul- 
ticurve. By Lemma [3.121 cither gi(i), gk+i(i) fix a point i>; in A^(Uj) or they 
fix set-wise a piece Pi in A4(Ui). In the latter case, by (1) we may conclude that 
gi (i), ...,g k+ i(i) fix a point u { 6 P;. 

It then follows that <?i, gk+i fix the point (u\, ...u n ) e A / J(Ui)x • • • x (U m ) = 
Q(A) c U(P). □ 
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